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wersityor  Recapitulation-(C', A, B)-pairs

6.1 (C, A, B)-pairs

Definition (6.1)

A pair of subspace (S, V) of X is called (C, A, B)-pair if

(i) S CV; (ii) Sis a (C, A)-invariant subspace; (iii) V is an (A, B)-invariant subspace.
Theorem (6.2)

Consider a subspace V. C X x W and let

p(Ve)={z € X|3weW:[§] €V} (projection)
1(Ve) :={x € X|[§] € Ve}. (intersection)

A+ BNC BM

IfVe is Ae = IC K

-inv. then (i(Ve),p(Ve)) is a (C, A, B)-pair.

Lemma (6.3)
If (S,V) is a (C, A, B)-pair, then 3 linear N : Y — U s.t. (A+ BNC)S C V.

—
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Questions

Consider ¥ = (A, B, C), where A = [—11%8}, B = [%}8], C=1J]100],ie,
000 01
T1 =1 +x2 +uy
3 To = —x1 + X2 Yy=x1.

T3 = u2

Question 1

Which (S,V) is a (C, A7 B)—pair? (I) S = Xl, VY= Xl (ii) S = Xg, VY= Xz X 2’(‘3 (iii) S = Xz,
V:XQXX;:, (iV)S:XQ,VZXQ.

Question 2

Let S = X3, V = X5 X X3, then which N does not satisfy that (A + BNC)S C V?
(i) N = [8] (i) N = [(1)] (iii) N = [?] (iv) none of the above.

Question 3

Let S = X3 =i(Ve), V = X2 x X3 = p(Ve), then Ve C X X R could be?
. 00 o 00 . 01 . ) 00
(i) im |:(1)(1):| (i) im [(1)(1)} (iii) im [?é] (iv) im {(1)(1)}

11 10 01 01
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6.1 (C, A, B)-pairs

Theorem 6.4 (using (C, A, B) pairs to construct I')

Let (S,V) be a (C, A, B)-pair. Then there exists controller I' and an A.-invariant subspace
Ve CX XxWsit. S=i(Ve) and V = p(Ve).

In fact, choose

y N:Y—>Ust. (A+BNC)S CV,

y F: X —>Ust (A+BF)Y CV,

y G: Y —=>Ust. (A+GO)SCS.
Then T is given by

w=(A+BF +GC - BNC)w+ (BN —G)y
u=(F—NC)w+ Ny,

where W = X and V. = {[} ] + [22] |z1 € S, 22 € V}
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disturbance decoupling with dynamic feedback

Problem (DDP with dynamic measurement feedback (DDPM))
Given the system ¥ = (H,C, A, B, E)

T = Az + Bu+ Ed
y=Cx
z=Hzx

find K, L, M, N such that the dynamic controller I'(M, K, L, N)

w= Kw+ Ly
u= Mw—+ Ny

renders the closed loop system disturbance decoupled:

N i R ) R RO

E (= —
€ Lecture Course: Advanced Systems Theory (4 / 17)
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DDP with dynamic feedback

disturbance decoupling with dynamic feedback

by
T = Az + Bu+ Ed
d—y=Cx > 2z
u | z=Hzx Y

w=Kw+ Ly "
u:Mw—i—Ly‘

r

» Closed loop system:

N i S [T i ERR S0

Ae Ee
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disturbance decoupling with dynamic feedback

Definition 6.5 DDPM
Find ' = (K,L,M,N) s.t.

Tyt = Hee*'E. = 0, V£ > 0
or, equivalently, Gr(s) = He(sI — Ae) ' E. = 0.

Corollary of the result of (DDP): Thm.4.8

DDPM is solvable for ¥ = (H, C, A, B, E) iff there exists an A, invariant subspace V. such
that im £, C V., C ker H,

Theorem 6.6+Corollary6.7
DDPM is solvable for ¥ = (H,C, A, B, E) iff 3 a (C, A, B)-pair s.t.

imECSCVCkerH,

. /s * (1o —
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DDP with dynamic feedback

disturbance decoupling with dynamic feedback

Theorem 6.6+Corollary6.7
DDPM is solvable for ¥ = (H,C, A, B, E) iff 3 a (C, A, B)-pair s.t.

imECSCVCkerH,
or, equivalently, S*(im F) C V*(ker H).

Proof.

“Only if": Assume the closed loop system

e : [l‘:| = A |:Zj):| + Ed, Ye = He [$:| »

w w

is disturbance decoupled = 3 Ac-inv. V. s.t. im E, C V., C ker He,

Let S :=i(Ve), V:=p(Ve) Thy6.2 (S,V) is a (C, A, B)-pair.

Letz €eimFE = [§]€imBE. CV, =z €i(V.) =S=imECS.
LetzeV=pV.)=TweW:[l]eV.eCkerH. = Hr=H.[]=0=>z €ker H. [ mmm
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DDP with dynamic feedback

B
%/ e

disturbance decoupling with dynamic feedback

Theorem 6.6+Corollary6.7
DDPM is solvable for ¥ = (H,C, A, B, E) iff 3 a (C, A, B)-pair s.t.

imECSCVCkerH,

or, equivalently, S*(im E)) C V*(ker H).

Proof.

“If': 3a (C, A, B)-pairs.t. imE CS CV C ker H,
Ve with S =i(V,) and V = p(Ve).

We claim that im £, C V, C ker H.,.

Let [{] €imE, =w=0andz€imECS=iVe) = [5] =[] € Ve.

Let []€Ve=2€V CkerH = He[)]=Hx=0= [}] € ker He.

Thus the claim is true and by Thm 4.6, . is disturbance decoupled. O

ThmS4 30 — (K, L, M, N) and A,-inv.
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Tracking and regulation

e
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Kol

9.1 The regulator problem

Tracking Problem:

Y 22

- To = Aoz + Bou
1 = A1y Yr
M y=Chxo — z
yr = C111
u z = Coxa — yp Y
w= Kw+ Ly

u:MerNy‘
r

Goal: Find T' = (K,L,M,N): tlim y(t) — tlim yr(t) =0 (& lim z(t) = 0)
o0 o0

t—ro0

!
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Tracking and regulation

e
3]
Kol

9.1 The regulator problem

Output regulation
)

T9 = Asxq + Asxo + Bou
y = Crxy + Coxo — 2
u| z=Dix1 4+ Doxo+ Eu |y

2

1

hd

1= A11

w=Kw+ Ly
u=Mw+ Ny

r

Goal: Find T'=(K,L,M,N): & tlim 2(t) =0, Va1(0)

— 00

!
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Tracking and regulation

9.1 The regulator problem

by N X
» Consider the cascade system: ! 2 , Where

T9 = Asxq + Asxo + Bou
¥q:d1 = A1z, Yo y=Cix1 + Coxg
z=Dix1 4+ Doxo + Fu

& = Az + Bu "
I _ . A 0 10
» The overall systemis ¥ : ¢ y=Cz with A_[As AQ],B—{BJ,
z=Dx+ Eu

C=[C, 3], D=[D; Dy

Definition (Regulator Problem)

Find ' = (K, L, M, N) such that closed loop system satisfies

(Nz(t) > 0ast — oo

(ii)closed loop is endostable, i.e. for 21(0) = 0, all variables converge to zero (3 is internally
stable).

—
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Tracking and regulation

9.1 The regulator problem
Lemma (9.1)

Consider 3 with As being Hurwitz and w = 0. Then z(t) — 0 ast — oo if 3T : X} — Ao

{ TA; — AsT = As @

DT + Dy = 0.
If Ay is antistable (i.e., 0(A1) N Creco = D), then the solvability of (1) is also necessary.

Proof.

Necessity: assume A is antistable = (A1) No(A3) = @D.

Hence Sylvester’'s Theorem ensures the existence of (an unique) 7" such that
TA; — AT = As.

Let v = 29 — Tx1, then

z= D121+ Doxo = z = Dov + (Dl aF DgT)(El.
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Tracking and regulation

Proof of Lemma 9.1

Proof of Lemma 9.1 continue.

Observe that o

v = Asv + (AQT —TA + A3)£E1 = thm ’U(t) =0
—00

Thus

lim Z(t) =0= thm (Dl + DQT)xl(t) = Z(t) — Dov(t) =0= D1+ DT = 0.
— 00

t—o00

“=" because tlim x1(t) # 0 by A; is antistable.
—00
Sufficiency: Assume (1) holds. Let v = 29 — T'x1, then

z = Dov+ (D1 + DoT)x1 = Dav + 0.

Thus 0 = Agv + (AT — T Az + A3) 1 = tlim v(t) =0= tlim z(t) = 0. O
— 00

—00

=0
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Tracking and regulation

e
3
e

9.1 The regulator problem

» Next goal: Find I" = (K, L, M, N) such that conditions of Lemma 9.1 satisfied for closed
loop:
il = Alxl

29 = (A2 + BoNC9)xg + (As + BoNC)xy + BaMw
w = Kw+ LCiz1 + LCyxo
z= (D1 + ENCl)LL‘l + (D2 + ENCQ):L‘Q + EMw

y or equivalently
= Ajxy
T2e = A2eT2e + A3 et
z2=D1e11+ D2cr2,
y with
- [ 2 } Ayo = [ Ao + BoNCy BoM } As, = [ Az + BoNCq ]
’ Y LCq K |07 LCy

Ds e = [ Dy +ENCy EM ] Die= D1+ ENC;.

!
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Tracking and regulation

9.1 The regulator problem

Corollary (9.1a)

The regulator problem for ¥ can be solved with controller T' = (K, L, M, N), if Ay, is
Hurwitz and 3 T, : X1 — Xy x W s.t.

TeAl - A2,6T6 = A3,e
DQ,eTe + Dl,e =0

Lemma (9.1b)
ar = (W, K, M, N) : equation (2) is solvable iff 3(T, V) :

TA1 — AT — BV = Ag
D1+ DT+ EV =0
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Tracking and regulation

Lemma (9.1b)
ar' = (K, L, M, N) : equation (2) is solvable iff 3(T, V') :

1A — Sl B = A
D1+ DT+ EV =0

Proof.
Only if. Let T, = [T] be a solution of (2). Then T, A; — Ay T, = A3, e =

TA; — (A2 + BoNC9)T — BoMU = Az + BoNCq
< TA) — AsT — Bo (NCoT + MU + NCq) = As
=
0=Dy.Tc+ D1 = (D2 + ENC)T + EMU + Dy + ENC4
= D1+ DT+ E(NCYT + MU + NCh)
=V

[
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Tracking and regulation

Proof of Lemma 9.1 b continue.
If. Let (T,V) solve (3), choose K = A+ GC + BF, L=—-G, M =F, N=0, ie,

w=(A+GC+ BF)w— Gy

u = Fw,
where F = [-F,T +V Fy), Fo be any and T, = [}] U = [L], then
R A P - | ] v il
2 UA1 4+ GC>T — (A + GC + BF)U
As s
- A1 + G1GaT — A1 — G1Ch — G1CaT | - |_&o,] =40,
TA; + GaCoT — Az — AsT — GoCy — GoCoT — BaV —GaCy 1

T
D2eT6+D1e—D1+ Do (}=D1+D2T+EV—O
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