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Recapitulation-4.4 Controllability subspace

Definition (4.11)

Consider ¥ : & = Az + Bu. A subspace R C is called a controllability subspace of X if

Vag € R,3AT > 0,u € U : ay(t,z9) € R,V 0 <t <T and z,(T,z0) = 0.
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Theorem (4.12)

A subspace R is a controllability subspace iff 3F :Ud — X, L :U — U s.t.
R = (A+ BF|im BL).
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A subspace R is a controllability subspace iff 3F :UU — X, L : U — U s.t.
R = (A+ BF|im BL).

Question 1

Which one of the following is not necessarily a controllability subspace of ¥ = (A, B) ?
(i) (A|B). (i) {0}. (iii) X. (iv) (A]im B N W), where W is the reachable space of 3.
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Recapitulation-Controllability subspace within a subspace

Theorem (4.15)
R*(K) is the largest controllability subspace contained in K, i.e.,
(i)YR*(K) is a controllability subspace.
(iH)R*(K) C K.
(iR C K =R CR*K)

Stephan Trenn, Yahao Chen (Jan C. Willems Center, U Groningen) Lecture Course: Advanced Systems Theory (2 / 18)



¥ unversiyor  Recapitulation
e groningen

Recapitulation-Controllability subspace within a subspace

Theorem (4.15)

R*(K) is the largest controllability subspace contained in K, i.e.,
(i)YR*(K) is a controllability subspace.

(iH)R*(K) C K.
(iR C K =R CR*K)

Theorem (4.17)

Let K C X be a subspace. Then any F': X — U s.t. (A+ BF)V*(K) C V*(K) satisfies
(A+ BF)R*(K) C R*(K) and R*(K) = (A+ BF | im BN V*(K)) .
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Questions

Consider ¥ = (A, B, C), where A = [—11%8}, B = {(1)8}, C=[100],ie,
000 01
T1 = r1+x2+U]
E:{:{cz —z1tz2 , Y =1T1,
I3 = ug
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Consider ¥ = (A, B, C), where A = [—11%8}, B = {(1)8}, C=[100],ie,
000 01
T1 = r1+x2+U]
E:{:{cz —z1tz2 , Y =1T1,
I3 = ug

Question 2a
Which is V*(ker C') 7 (i) X1 x Xa, (i) X2 x A3, (i) X2, (iv) Xs.
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Questions
Consider ¥ = (A, B, C), where A = [—11 % 8}, B = {(1)8}, C=[100],ie,
000 01
T1 = r1+x2+U]
X {fi% = —miter , Y =2y,
I3 = ug

Question 2a
Which is V*(ker C') 7 (i) X1 x Xa, (i) X2 x A3, (i) X2, (iv) Xs.

Question 2b

Which is R*(ker C) ? (i) X1 x Xy, (i) Xa x A3, (i) X, (iv) Xs.
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Consider & = (A, B,C), where A = [_1 i 0}, B= {(1) g]’ C=l100] ic.
000 01
T1 = T1+x2+U]
i {:?2 = Tmite2 o, Y =1,
3 = ug
Question 2a

Which is V*(ker C) 7 (i) X1 x Xa, (ii) Ao x X, (i) Xz, (iv) As.

Question 2b
Which is R*(ker C) ? (i) X1 x Xy, (i) Xa x A3, (i) X, (iv) Xs.

Question 3

For ¥ = (A4, B) and K C K, then

(i) R*(K)N B CV*(K)N B C R*(V*(K)) C R*(K) C V*(K).

(i) R*(K)n B =V*(K)n B C R*(V*(K)) = R*(K) C V*(K).
(iii) R*(K) N B CV*(K)N B =R*(V*(K)) C R*(K) = V*(K).
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Conditioned invariant subspaces

Definition (Conditioned invariant subspaces)

Consider the system ¥ = (C, A)
z(t) = Ax(t)

y(t) = Ca(t)

A subspace S C R" is called conditioned invariant if there exists G € R™"*P such that

(A+GC)SCS
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Definition (Conditioned invariant subspaces)

Consider the system ¥ = (C, A)
z(t) = Ax(t)

y(t) = Ca(t)

A subspace S C R" is called conditioned invariant if there exists G € R™"*P such that
(A+GC)SCS

Theorem (5.5 Conditioned invariant subspaces)
A subspace S C R™ is conditioned invariant iff A(S Nker C') C S.
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Definition (Conditioned invariant subspaces)

Consider the system ¥ = (C, A)
z(t) = Ax(t)

y(t) = Ca(t)

A subspace S C R" is called conditioned invariant if there exists G € R™"*P such that
(A+GC)SCS

Theorem (5.5 Conditioned invariant subspaces)
A subspace S C R™ is conditioned invariant iff A(S Nker C') C S.

Theorem (56 Duality between controlled and conditioned invariant)
A subspace S is (C, A)-invariant iff S* is (AT, CT)-invariant.
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Recapitulation-Conditioned invariant subspaces

Theorem (5.6 Duality between controlled and conditioned invariant)
A subspace S is (C, A)-invariant iff S* is (AT, C™T)-invariant.
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Recapitulation-Conditioned invariant subspaces

Theorem (5.6 Duality between controlled and conditioned invariant)
A subspace S is (C, A)-invariant iff S* is (AT, C™T)-invariant.

Question 4
11T
Let A = {(1) 01%] ,C = [(1)} andS:im[g], is
112 0 1
S a conditioned invariance of (C, A) 7
(i) Yes (ii) No

T
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Theorem (5.6 Duality between controlled and conditioned invariant)
A subspace S is (C, A)-invariant iff S* is (AT, C™T)-invariant.

Question 4 Question 5
1-117T 117 .oro7 . Which G satisfies that (A + GC)S C S7?
LetA—[(l)(l)%] ,C—[g} andS—lm[(l)],ls (i)G:[010]T
S a conditioned invariance of (C, A) 7 (i) ¢ =[1-11]7.
(i) Yes  (ii) No (i) G =[10-1]T.
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Recapitulation-Conditioned invariant subspaces

Theorem (5.6 Duality between controlled and conditioned invariant)
A subspace S is (C, A)-invariant iff S* is (AT, CT)-invariant.

Question 4 Question 5
1-117T 117 .oro7 . Which G satisfies that (A + GC)S C S7?
b=y 0= exid=rm(i] M@= four
S a conditioned invariance of (C, A) 7 (i) ¢ =[1-11]T.
(I) Yes (II) No (III) G = [1 0 —1]T.

Theorem (5.7 The smallest conditioned invariant subspace containing a given subspace)
Consider the system ¥ = (C, A). Let £ C R™ be a subspace. Then

S*(E,C,A) = (v AT, cT gyt
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Invariant subspace algorithm for S*(&,C, A)

ISA Algorithm (Invariant subspace algorithm for controlled invariance)
Given A € R B ¢ R"*™ and K C R", define

Vo = ’Ca
Vi1 :=KNA'(V, +imB), k=0,1,2,---
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Invariant subspace algorithm for S*(&,C, A)

ISA Algorithm (Invariant subspace algorithm for controlled invariance)
Given A € R B ¢ R"*™ and K C R", define

Vo =K,
Vi1 :=KNA'(V, +imB), k=0,1,2,---

CISA Algorithm (Invariant subspace algorithm for conditioned invariance)
Given A € R C € RP*™, and £ C R”, define

So =€,
Sii1=E+AS NkerC), ¢=0,1,2,---
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ISA Algorithm (Invariant subspace algorithm for controlled invariance)
Given A € R B ¢ R"*™ and K C R", define

Vo =K,
Vi1 :=KNA'(V, +imB), k=0,1,2,---

CISA Algorithm (Invariant subspace algorithm for conditioned invariance)
Given A € R C € RP*™, and £ C R”, define

So =€,
Sii1=E+AS NkerC), ¢=0,1,2,---

Remark: St = £+ N (A(Sy Nker C))F =L NATT(S, +imC7)
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ISA Algorithm (Invariant subspace algorithm for controlled invariance)
Given A € R B ¢ R"*™ and K C R", define

Vo =K,
Vi1 :=KNA'(V, +imB), k=0,1,2,---

CISA Algorithm (Invariant subspace algorithm for conditioned invariance)
Given A € R C € RP*™, and £ C R”, define

So =&,
Sii1=E+AS NkerC), ¢=0,1,2,---
Remark: St =&+ N (A(Sy Nker C))F =L NAT(S, +im C7) (ISA for £4 and

(AT, cTY).
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Invariant subspace algorithm for S*(&,C, A)

Theorem (4.10 Invariant subspace algorithm for controlled invariance)
Let K C X and Vo, V1,Va,... as defined in the Algorithm (ISA). Then
((YWo2V1 2 Vs D -+, (non-increasing)

(i)Vx = Vir1 = Vi, =V, VI > k, (stable)

(ii)3k < dim K : V, = Vg1, (stable index)

(V)Vi = Vi1 = V(K) = Vi, (limit)
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Theorem (58 Invariant subspace algorithm for controlled invariance)

Let Sy be defined by the Algorithm (CISA). Then, we have:
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controlled and conditioned invariant subspaces

S = (A, B) : i(t) = Az(t) + Bu(t)

V is controlled invariant for ¥ = (A, B)
i)

Vis (A, B) -invariant
i)

3F such that (A+ BF)Y CV

(;
AV CV+imB

V*(K) is the largest controlled invariant
subspace contained in K

S = (C,A): a(t) = Az(t) y(t) = Cx(t)

S is conditioned invariant for ¥ = (C, A)

i
S is (C, A) -invariant

)
3G such that (A+GC)SC S

(;
ASNkerC)C S

S*(&) is the largest conditioned invariant

subspace containing £
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6.1 (C, A, B)-pairs
y Consider a system ¥ = (C, A, B) with z(t) € X:

5. = Ax + Bu
| y=Cr,
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6.1 (C, A, B)-pairs

» Consider a system ¥ = (C, A, B) with z(¢t) € X

5. = Ax + Bu
| y=Cr,

»y and a dynamic controller I' = (M, K, L, N) with w(t) € W:

. w= Kw+ Ly
u=Mw+ Ny.
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6.1 (C, A, B)-pairs

» Consider a system ¥ = (C, A, B) with z(¢t) € X

5. = Ax + Bu
| y=Cr,

»y and a dynamic controller I' = (M, K, L, N) with w(t) € W:
0. o=EKuw+Ly
u=Mw+ Ny.

y The closed loop system is ¥, = (Ce, A.) with B}] eX xW:

()-[2e 2

v =[c o|7]

Ye:

!
Stephan Trenn, Yahao Chen (Jan C. Willems Center, U Groningen) Lecture Course: Advanced Systems Theory (9 / 18)



g—r'“"é universityof (C, A, B)-pairs
%+ / sroningen

6.1 (C, A, B)-pairs

Definition (6.1)
A pair of subspace (S, V) of X is called (C, A, B)-pair if
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6.1 (C, A, B)-pairs

Definition (6.1)

A pair of subspace (S,V) of X is called (C, A, B)-pair if
y SCV;

y Sis a (C, A)-invariant subspace;

» Vs an (A.B)-invariant subspace.

Theorem (6.2)

Consider a subspace V. C X x W and let

p(Ve):i={z e X|FweW:[Z] €V.} (projection)
i(Ve) :={x € X| [§] € Ve}. (intersection)

A+BNC BM

IfV, is Ae = IC e

-inv. then (i(Ve),p(Ve)) is a (C, A, B)-pair.
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6.1 (C, A, B)-pairs
Theorem (6.2)
Consider a subspace V. C X x W and let
p(Ve) ={z € X|TweW: [g] € Ve},
If Ve is Ae-inv. then (i(V.),p(Ve)) is a (C, A, B)-pair.

Proof.
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—
Stephan Trenn, Yahao Chen (Jan C. Willems Center, U Groningen) Lecture Course: Advanced Systems Theory (11 / 18)



% university of (C, A, B)-pairs
b / groningen
!

6.1 (C, A, B)-pairs
Theorem (6.2)
Consider a subspace V. C X x W and let
p(Ve) ={z € X|FweW:[g]€Ve}, i(Ve) ={zeX|[F]€Ve}.
If Ve is Ao-inv. then (i(Ve), p(Ve)) is a (C, A, B)-pair.

Proof.
Clearly, i(Ve) € p(Ve). Let z € i(V.) Nker C. Then

x| |Ax+BNCz| |[Ax
i =[50 =[] <
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Consider a subspace V. C X x W and let
p(Ve) ={z € X|FweW:[g]€Ve}, i(Ve) ={zeX|[F]€Ve}.
If Ve is Ao-inv. then (i(Ve),p(Ve)) is a (C, A, B)-pair.

Proof.
Clearly, i(Ve) € p(Ve). Let z € i(V.) Nker C. Then

A m _ [Ax+BN C’m] _ {Am
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6.1 (C, A, B)-pairs
Theorem (6.2)
Consider a subspace V. C X x W and let
p(Ve) ={z € X|FweW:[g]€Ve}, i(Ve) ={zeX|[F]€Ve}.
If Ve is Ao-inv. then (i(Ve),p(Ve)) is a (C, A, B)-pair.

Proof.
Clearly, i(Ve) € p(Ve). Let z € i(V.) Nker C. Then

7 Az + BNCz Az : : . .
A [O} = [ LCx ] = [ 0 ] EVe = Az €i(Ve) = i(Ve) is (C, A)-inv
For z € p(Ve), choose w € W s.t. [1] € Ve.
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6.1 (C, A, B)-pairs
Theorem (6.2)

Consider a subspace V. C X x W and let
p(Ve) ={z e X|FweW:[FleVe}, i(Ve):={zeX]|[§]€EVe}.
If Ve is Ac-inv. then (i(Ve),p(Ve)) is a (C, A, B)-pair.

Proof.
Clearly, i(Ve) € p(Ve). Let z € i(V.) Nker C. Then

A m _ [Ax+BN C’m] _ {Am

0 LCx 0 ] EVe = Az €i(Ve) = i(Ve) is (C, A)-inv

Az + B(NCz + Mw)

LCz + Kw €Ve

For z € p(Ve.), choose w € W s.t. [] € Ve.Then A, B] = [
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Proof.
Clearly, i(Ve) € p(Ve). Let z € i(V.) Nker C. Then

A, ﬂ _ {A“BNC”C] - {Am] € Ve = Az € i(V2) = §(Ve) is (C, A)-inv

0 LCz 0
/ - z| |Azx+ B(NCz+ Mw)
For € p(V.), choose w € W s.t. [£] € V.. Then A, Lﬂ] = [ IOz + Ku €V,
= Az + B(NCxz + Mw) € p(V,) —
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6.1 (C, A, B)-pairs

Lemma (6.3)
If (S8,V) is a (C, A, B)-pair, then 3 linear N : Y — U s.t. (A+ BNC)S C V.

Proof.
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Lemma (6.3)
If (S8,V) is a (C, A, B)-pair, then 3 linear N : Y — U s.t. (A+ BNC)S C V.

Proof.

Let g1,92,.-.,qx a basis of S s.t. q1,...,q is a basis of SNker C (I < k). Then
SCVandVis (4, B)-inv. = Ag; = v; + Buy, forv; € Vand u; €U, fori=1,... k.
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6.1 (C, A, B)-pairs

Lemma (6.3)
If (S8,V) is a (C, A, B)-pair, then 3 linear N : Y — U s.t. (A+ BNC)S C V.

Proof.

Let g1,92,.-.,qx a basis of S s.t. q1,...,q is a basis of SNker C (I < k). Then
SCVandVis (4, B)-inv. = Ag; = v; + Buy, forv; € Vand u; €U, fori=1,... k.
We claim that C'q11, Cqpt2,. .., Cqx are linear independent.
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Lemma (6.3)
If (S8,V) is a (C, A, B)-pair, then 3 linear N : Y — U s.t. (A+ BNC)S C V.

Proof.
Let g1,92,.-.,qx a basis of S s.t. q1,...,q is a basis of SNker C (I < k). Then
SCVandVis (4, B)-inv. = Ag; = v; + Buy, forv; € Vand u; €U, fori=1,... k.
We claim that Cq;1+1, Cqpya, ..., Cqy are linear independent. Suppose 3 non-zero
(07 N T AT

2 +1Cq41 + 20 + -+ - + aCq = 0.
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6.1 (C, A, B)-pairs

Lemma (6.3)
If (S8,V) is a (C, A, B)-pair, then 3 linear N : Y — U s.t. (A+ BNC)S C V.

Proof.
Let g1,92,.-.,qx a basis of S s.t. q1,...,q is a basis of SNker C (I < k). Then
SCVandVis (4, B)-inv. = Ag; = v; + Buy, forv; € Vand u; €U, fori=1,... k.
We claim that Cq;1+1, Cqpya, ..., Cqy are linear independent. Suppose 3 non-zero
(07 N T AT

2 +1Cq41 + 20 + -+ - + aCq = 0.

Thus ¢ := 11q141 + agpoqria + -+ + agqr € SNker C.
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Lemma (6.3)
If (S8,V) is a (C, A, B)-pair, then 3 linear N : Y — U s.t. (A+ BNC)S C V.

Proof.

Let g1,92,.-.,qx a basis of S s.t. q1,...,q is a basis of SNker C (I < k). Then
SCVandVis (4, B)-inv. = Ag; = v; + Buy, forv; € Vand u; €U, fori=1,... k.
We claim that Cq;1+1, Cqpya, ..., Cqy are linear independent. Suppose 3 non-zero
(07 N T AT

410q+1 + ai42Cqy2 + -+ + axCqi = 0.

Thus § := oyr1q1+1 + oqaoqiya + - - - + apgr € S Nker C. However,

~ qi+1,---,9% independent
SnkerCNspan{g1,...,q} = {0} =>¢g=0"""""= Q1,0 =0,

which proves that the claim is true.

—
Stephan Trenn, Yahao Chen (Jan C. Willems Center, U Groningen) Lecture Course: Advanced Systems Theory (12 / 18)



% university of (C, A, B)-pairs
e / groningen

6.1 (C, A, B)-pairs

Lemma (6.3)
If (S8,V) is a (C, A, B)-pair, then 3 linear N : Y — U s.t. (A+ BNC)S C V.

Proof.

Let g1,92,.-.,qx a basis of S s.t. q1,...,q is a basis of SNker C (I < k). Then
SCVandVis (4, B)-inv. = Ag; = v; + Buy, forv; € Vand u; €U, fori=1,... k.
We claim that Cq;1+1, Cqpya, ..., Cqy are linear independent. Suppose 3 non-zero
(07 N T AT

410q+1 + ai42Cqy2 + -+ + axCqi = 0.

Thus § := oyr1q1+1 + oqaoqiya + - - - + apgr € S Nker C. However,

Qi+1,---,qk independent
= OéH,l,...,Ozk:O,

SNnkerCNspan{qy1,...,qt ={0} =¢=0
which proves that the claim is true.
Therefore, AN : Y — U with NCq; = —wu;, i =1+ 1,....k = (A+ BNC)¢g; =v; €V,
i=1+1,....k = (A+ BNC)S C V. (] e
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6.1 (C, A, B)-pairs

Theorem 6.4 (using (C, A, B) pairs to construct I')

Let (S,V) be a (C, A, B)-pair. Then there exists controller I' and an A.-invariant subspace
Ve CX XxWsit. S=i(Ve) and V = p(Ve).
In fact, choose
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6.1 (C, A, B)-pairs

Theorem 6.4 (using (C, A, B) pairs to construct I')

Let (S,V) be a (C, A, B)-pair. Then there exists controller I' and an A.-invariant subspace
Ve CX XxWsit. S=i(Ve) and V = p(Ve).

In fact, choose

y N:Y—>Ust (A+ BNC)S CV,

y F: X —>Ust. (A+BF)Y CV,

y G: Y —=>Ust. (A+GC)SCS.

Then T is given by

w= (A+BF +GC - BNC)w+ (BN —G)y
u=(F—NC)w+ Ny,
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6.1 (C, A, B)-pairs

Theorem 6.4 (using (C, A, B) pairs to construct I')

Let (S,V) be a (C, A, B)-pair. Then there exists controller I' and an A.-invariant subspace
Ve CX XxWsit. S=i(Ve) and V = p(Ve).

In fact, choose

y N:Y—>Ust (A+ BNC)S CV,

y F: X —>Ust. (A+BF)Y CV,

y G: Y —=>Ust. (A+GC)SCS.

Then T is given by

w= (A+BF +GC - BNC)w+ (BN —G)y
u=(F—NC)w+ Ny,

where W = X and V. = {[} ] + [22] |z1 € S, 22 € V}
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Summary

y Invariant subspace algorithm for $*(&, C, A), characterization (Thm 5.8). Notice its duality
with V*(IC, A, B).
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Summary

y Invariant subspace algorithm for $*(&, C, A), characterization (Thm 5.8). Notice its duality
with V*(IC, A, B).

y Dynamic feedback controller T"

y (C, A, B)-pairs: definition (Def 6.1), constructing (C, A, B)-pairs from Ae-inv.:V. (Thm
6.2)
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Summary

y Invariant subspace algorithm for $*(&, C, A), characterization (Thm 5.8). Notice its duality
with V*(IC, A, B).
y Dynamic feedback controller T"

y (C, A, B)-pairs: definition (Def 6.1), constructing (C, A, B)-pairs from Ae-inv.:V. (Thm
6.2)

y Using (C, A, B)-pairs to construct dynamic feedback controller T'. (Thm 6.4)

!
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disturbance decoupling with dynamic feedback

Problem (DDP with dynamic measurement feedback (DDPM))
Given the system ¥ = (H,C, A, B, E)

T = Az + Bu+ Ed
y=Cx
z=Hzx

find K, L, M, N such that the dynamic controller I'(M, K, L, N)

w= Kw+ Ly
u= Mw—+ Ny

renders the closed loop system disturbance decoupled:

N i R ) R RO

A E e e
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disturbance decoupling with dynamic feedback

» Closed loop system:

N S I R KR RO

Ae Ee

Definition 6.5 DDPM
Find T = (K, L, M, N) stt.

T = Hee*'E, =0, ¥t > 0
or, equivalently, Gr(s) = He(sI — Ae) " E, = 0.

Corollary of the result of (DDP): Thm.4.8

DDPM is solvable for ¥ = (H, C, A, B, E) iff there exists an A, invariant subspace V. such
that im B, C V., C ker H,

!
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disturbance decoupling with dynamic feedback

Theorem 6.6+Corollary6.7
DDPM is solvable for ¥ = (H,C, A, B, E) iff 3 a (C, A, B)-pair s.t.

imECSCVCkerH,
or, equivalently, S*(im F) C V*(ker H).

Proof.

“If': Assume the closed loop system

s [f] =[] +ma w-n]2]

w w

is disturbance decoupled = 3 Ac-inv. V. s.t. im E, C V., C ker He,

Let S :=i(Ve), V :=p(Ve) Thy6.2 (S,V) is a (C, A, B)-pair.

Letz €eimFE = [§]€imBE. CV, =z €i(V.) =S=imECS.
LetzeV=p(V.)=TweW:[l]eV.CkerH. = Hr=H.[]=0=> 2z €ker H. [ mmm
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disturbance decoupling with dynamic feedback

Theorem 6.6+Corollary6.7
DDPM is solvable for ¥ = (H,C, A, B, E) iff 3 a (C, A, B)-pair s.t.

imE CSCVCkerH,

or, equivalently, S*(im E)) C V*(ker H).

Proof.

“Only if": exists a (C, A, B)-pair s.t. imE C S CV Cker H, 2% 30 = (K, L, M, N and
Ae-inv. Ve with S =i(V,) and V = p(V.). We claim that im E. C V. C ker H..

Let [f]€imPE. =>w=0and z € imECS=iVe) = [5]=1[5] € Ve

Let [#]€Ve=xz€VEkerH = H. (1] =Hx=0= [] € ker He.

Thus the claim is true and by Thm 4.6, 3. is disturbance decoupled. O
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