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A-invariant subspace

e uestion 1
Definition Q . | |
Given a linear map A : X — X and a subspace \r(\gglecszac:ir;e Zf_itnhvea:)alrlﬁ\;vlng spaces is NOT
Y C X, we say V is A-invariant if Vo € V, (). y o ke]‘j " ), e
Arev (iv). VCker4; (v). VCimA.

» Consider a differential equation

i@ = Aw. (1)

Definition (2.3)
A subspace V is called an invariant subspace of (1) :< Vg € V, Vt > 0: z(t,x0) € V.
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¢ 4.1 Controlled invariance

A-invariant subspace

Theorem (2.4)

A subspace V is an invariant subspace of (1) iff V is A-invariant.

Proof.
“If': Vis A-inv. = For any g € V: Azg C V, A%z9 C V, ... indugfion Akgy CV, VE > 0.
Xk Ak
t"A
= eAtxO = il xg € V.
k=0

“Only if": x(t,xg) € V, V& > 0 and Vzg € V
= Az = (eM20)'(0) = lim ——— = lim —— 2 ey,

O

Stephan Trenn, Yahao Chen (Jan C. Willems Center, U Groningen) Lecture Course: Advanced Systems Theory (2 / 14)



ot 4.1 Controlled invariance

e
3
e

A-invariant subspace

» Given a matrix A and an A-invariant subspace V C X, how to construct a basis
(coordinates) transformation matrix 7' (isomorphism) such that

Al A
0 A’

A=TAT = {
y Why T is called a coordinates transformation matrix for the ODE

T = Ax.

What T does for the state variables 27

» Can we generalize the notion of A-invariant subspace to the pair (4, B) (or
correspondingly, the system @ = Ax + Bu)?

!
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4.1 Controlled invariance

» Controlled and conditioned invariant subspace: Basile and Marro (1969), Wonham and
Morse (1970).

» Consider an LTI control system
Y : & = Az + Bu,

denoted by X = (A, B);
y z(t) e X, ult) e, ue U,
» in particular, X =R", U = R™, U = Ly joc(R,R™).

Definition (4.1)

A subspace V is controlled invariant (or (A,B)-invariant):& Vag € V, Ju € U: a,,(t, ) € V,
vt > 0.

!
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4.1 Controlled invariance
Theorem (4.2)

Consider a system ¥ = (A, B) and a subspace V C X, the following is equivalent
(i)V is controlled invariant,

(i)AY CV +im B,
(iii)3 linear F : X — U : (A+ BF)V C V.

Proof.

(Handwriting proof)
()= (ii): Ju e U: zy(t,x0) €V, Vt >0, Vag €V =

At ! Bet~Tu(r)dr — 2o — Bu(0 — 20— B
Ao+ Bu(0) = lim S 20 Jo BT 20 = Bul0) _ ) 2ultiz0) - 70 = Bu(0)
t—0 t—0 t—0 t—20

eV+imB = Azxyg € V +im B.

O

!
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4.1 Controlled invariance

Theorem (4.2)

Consider a system ¥ = (A, B) and a subspace V C X, the following is equivalent
(i)V is controlled invariant,

(i)AY CV +im B,
(iii)3 linear F : X - U : (A+ BF)V C V.

Proof.
(ii)= (iii): Let q1,...,qr (kK < n) be a basis of V. Then

AV CV+imV = dv; € V,u; €U : Ag; = v; + Bu;, V1 < i < k.

Define F': X — U s.t. Fiq; = —u;, V1 < i <k (why such an F always exists?). =
(A-l—BF)qi =v; € V.

(ii)= (i): (A+BF)Y CV = Vis (A+ BF)-inv. = z(t,z9) € V, where x(t, zg) solves
&= (A+ BF)x = Ju s.t. x,(t,z0) € V, where x,,(t, z0) solves & = Ax + Bu (take

u= Fuz(t)). O

—
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4.1 Controlled invariance (Questions Page)

Theorem (4.2)

Consider a system ¥ = (A, B) and a subspace ¥V C X, the following is equivalent (i) V is
controlled invariant, (ii) AV CV +im B, (i) 3 linear F : X - U : (A+ BF)V C V.

Question 2

Question 3 Question 4
Which style of presenting the . .
proves of theorems do you like Which one of the following Let A=[973], B=[1].
better? subspaces may not be V =im [} ], which F satisfies
O T el (4, B)-inv.? (A+ BF)V C V?
(ii) Handwriting proof. () any Al (i) F=10 ]
(iii) Both. (if) AmllB (i) £ =[-10]
(iv) I do not care! (i) A= o 2 (iii) £ =[0 —2].

!
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Example-finding /' (a friend feedback) such that (A + BF)Y CV
Consider a system ¥ = (A, B) and a subspace V C X, where

1
A= 10
1

Solution

Let g1 =[00 l]T and ¢o =

1

(\&}

Aqy =v1 + Bu; &
2

Then F'is any such that

=1

1 1
0 2(, B=]0|, V=span
1 2 0

[110]7, then

2 1
= 12|+ |0| -—1, Agz=wv2+ Bus &
2 0]
0 1
F-|0 1| =1 0
11 0
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Controlled invariance within a given subspace

» Consider the system ¥ : & = Ax + Bu.

Definition (4.1 controlled invariant subspace)

A subspace V is controlled invariant (or (A,B)-invariant):& Vag € V, Ju € U: xy,(t, z0) € V,
vt > 0.

» What is the largest controlled invariance in X 7: & itself.
» For any subspace KL C X, what is the largest c.i.s. in K ?

Definition (4.4 controlled invariant subspace within )

Given a subspace IC C X, define

VK) :={xo|Fu € U : z,(t,x0) € K, Vt >0}

Remark: (i) V*(K) is a subspace itself. (i) V*(K) C K.
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The largest controlled invariant subspace in KC

Definition (4.4)
For a subspace I C X, define

VK) :i={xo|Fu € U : z,(t,x9) € K, Vt >0}

Theorem ((4.5))

V*(K) is the largest (A, B)-invariant subspace contained in K, i.e.,
()V*(K) is (A, B)-invariant;

({HV*(K) C K;
(i)Y C K is (A, B)-invariant =V C V*.

Proof.
(Handwriting proof), see also page 78 of the book. O

!
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The largest controlled invariant subspace in KC

Theorem ((4.5))

V*(K) is the largest (A, B)-invariant subspace contained in IC, i.e., (i) V*(K) is
(A, B)-invariant; (ii) V*(KC) C IC; (iii)) V C K is (A, B)-invariant =V C V*.

Proof.

(i) Take any 29 € V*(K), then by definition, Ju = wu(t) : 24 (t, z0) € K, Vt > 0. We will show
by contradictions that such u(t) renders (¢, z9) € V*(K),Vt > 0 as well. Suppose that for
some T > 0: x1 = x, (T, z9) € £/V*(K). However, by definition, 21 € V*(K) since
2y (t,z1) € KK, V¥t > 0. Thus z1 ¢ V*(K). Since T is any, we have that
2y (t, xo) € V*(K),Vt > 0, which implies that V*(K) is (A, B)-invariant;
(ii) Clear;
(iii) Take any zg € V, then Ju : x,,(¢t, x9) € V C K, ¥t > 0, which by definition, implies that
xo € V*(K).

O
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4.2 Disturbance decoupling

» Consider a control system

Zd,z :

= Ax + Ed
z=Hzx,

» d € D denotes an unknown disturbance, and in particular, D = L1 jo.(R4, R™),

) The output z(t) = HeAlwg + [ T(t — 7)d(7)d7, where T(t — 1) = HeAt-TE.

» Xg, is called disturbance decoupled if T'(t) = HeAE =0Vt >0, ie., z(t) does not
depend on d(t), or if G(s) = H(sI — A)"'E = 0.

Question 5

Let A = [’%1 ﬁi], which system with E, H below is disturbance decoupled?

@):E=[%], H
B = H

[H10], (W)E=[g8], H=[Ho],
(iii) [5] 0

(0], (iv): E=[g,], H=[om].
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Theorem (4.6)

Y4, is disturbance decoupled iff 3 an A-invariant subspace V s.t.

imFE CV C ker H.

Proof.
“If T(t) = HeM'E =0, Vt > 0. = T5(t) = HA*eA*E =0, Vt >0, Yk > 0.
'S gAFE =0, VE > 0.

Let V =im[E, AF, ..., A" 1E], then V is A-invariant subspace with im £ C V C ker H.
“Only if': V is an A-invariant subspace with im £ C V C ker H.

= imA*E CV CkerH, Yk > 0.

= HA*E =0, Yk > 0.

= T(t) = Y22 WHAYE = 0, Vk > 0. O
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4.2 Disturbance decoupling
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Summary

Recapitulation

y A-invariant subspace

y Controlled invariant (or (A, B)-invariant) subspace

» Controlled invariant subspace within a given subspace IC
» The largest controlled invariant subspace in IC

» Disturbance decoupled system

Section 2.2, Section 2.6, Section 4.1 and Section 4.2 of the book
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