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Abstract—1In this paper, we introduce a definition of solu-
tions for linear piecewise affine differential-algebraic equations
(PWA-DAES). Firstly, to address the conflict between projector-
based jump rule and active regions, we propose a concept called
state-dependent jump path. Unlike the conventional perspective
that treats jumps as discrete-time dynamics, we interpret them
as continuous dynamics, parameterized by a virtual time-
variable. Secondly, by adapting the hybrid time-domain solution
theory for continuous-discrete hybrid systems, we define the
concept of jump-flow solutions for PWA-DAEs with the help
of Filippov solutions for differential inclusions. Subsequently,
we study various boundary behaviors of jump-flow solutions.
Finally, we apply the proposed solution concepts in simulating
a state-dependent switching circuit.

I. INTRODUCTION

Consider a linear piecewise affine differential-algebraic
equation (PWA-DAE) of the form

AP B =H,x+b;, 1€ Q; CR", ¢=1,...,N, (1)

where x € R™ are the state-variables, F;, H; : R" — R",
b; € R", N € NT is the number of DAE modes, {{2;} is
the set of active regions, where (); are convex sets satisfying

N
UQ =R"and Vp # q : Q,NQ, = 0. In particular,

i)_\i’A—DAEs can be seen as switched DAE control system
(see e.g. [20]) by fixing the switching signal as a state-
dependent function and the inputs as constants, switched
DAEs have been proved to be powerful tools for modeling
various physical systems, including electrical circuits with
switching devices [25], [21] and power grids [9].

Solution analysis and control of ordinary differential equa-
tion (ODE)-based piecewise linear systems have been well-
studied for decades, see e.g., [14], [22] and also [16] for
results on closely related switched ODE systems. Moreover,
there exist fruitful studies on time-dependent switched DAEs,
e.g., in [17], [18], [19], [20]. However, there are far fewer
related results on state-dependent switched DAEs and par-
ticularly on PWA-DAEs. Typically, the focus has been on
studying specific systems rather than establishing a broad
solution framework. For example, in [21], the passivity of
a state-dependent switched DAE-modelled circuit was dis-
cussed, providing insights into a specific application. In [23]
and [1], numerical methods and Modelica tools were utilized,
respectively, to simulate physical examples involving state-
dependent DAEs. State-dependent DAEs have connections
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with complementarity systems [4], [13], which are widely
used to model various systems, including circuits with diodes
and transistors and mechanics with unilateral constraints.

One challenge in studying PWA-DAE solutions is the ab-
sence of a clear definition of state-dependent jumps to ensure
consistency during mode changes. A related research area
is impulsive systems, particularly state-dependent impulsive
systems as reviewed in [28], which can be viewed as special
cases of the general hybrid time-domain systems framework
proposed in [11]. In this framework, the continuous dynamics
(flow) are governed by an ODE (or differential inclusion)
in some regions and a (possibly multivalued) jump rule
in others; the flows and jumps are generally unrelated. In
contrast, a PWA-DAE implicitly defines a consistency space
where the flow occurs, while simultaneously implying a
projector-based jump rule from an inconsistent initial value
to a consistent one. Hence, the jumps in a DAE can be seen
as intrinsic jump rules, whereas those in impulsive systems
are externally imposed. Filippov solutions for discontinuous
DAEs are discussed in [8], [3], but these works primarily
focus on semi-linear and index-1 modes, without involving
jumps.

In Section II, we revisit certain concepts of linear DAEs.
We delve into the issue of state-dependent jumps for PWA-
DAEs in Section III-A. The formulation of jump-flow so-
lutions within the hybrid time-domain and the examination
of their boundary behaviors are provided in Section III-B.
Conclusions and future prospects are given in Section IV.

II. PRELIMINARIES

The following notations will be used throughout the pa-
per. N and R are the natural numbers and real numbers,
respectively. For a matrix M € R"*™, the kernel (null
space) of M is denoted by ker M, the image of M is
denoted by im M. The identity matrix of size n X n is
denoted by I,,. The image of a set S C R"™ under M is
MS :={Mz €R"| z € S} and the pre-image of S under
Mis M71S:={z eR"| Mz € S}.

Each mode of (1) is an affine DAE Ei = Hxz+b, denoted
by A = (E,H,b). A Cl-curve z : [0,00) — R" is called
a Cl-solution or a flow of A if E&(t) = Hx(t) + b for all
t € [0,00). A point 2o € R™ is called consistent if there
exists a C!-solution x(-) starting from zg, i.e., x(0) = xg.
The set of all consistent points is called consistency space,
denoted by €. The matrix pencil (E, H) is called regular if
det(sE— H) is not identically zero. The regularity of (E, H)
guarantees the existence and uniqueness of C'-solutions of
A. We assume throughout that all matrix pencils (F;, H;)



of DAE modes in the present paper are regular. Any DAE
A with a regular pair (E, H) can be always transformed,
via two constant invertible matrices @ and P, into the
Weierstrass form [26], [2] A = (QEP~',QHP~',Qb):

Inl 0 jjl . Al 0 I b1

K15 R RS I T
where A; € R™ X" and N € R">*"2 is a nilpotent matrix
with nilpotency index v, i.e. N*~1 # 0 and N = 0, where
ny1+ng = n. The index of A is defined to be the nilpotency
index v of N, thus we have N = 0O for index-1 DAEs. The
matrices (), P can be constructed with the help of the limits
V* =Y, and #* := W, [2] of the Wong sequences [27]
of the matrix pencil (E, H), given by,

%:Rna Aj/k-‘rl:H_lEfy/k) ]fZl,
7 = {0},

Wi = ET'HW, 1> 1.
The consistency projector, the differential projector and the
impulse projector of A are defined [24], [25], respectively,
as follows

3)

1
. p—1[in1
=P {0 0 0 0

0} p, %= p! [I"I O] Q.

and 0 0
imp.__ —1
e 0]g

With the help of the above definitions, it can easily be
concluded that the consistency space of A is given by

¢ =imIl — {II"™Pp} = ¥* — {II"™Pp}

and the C!-solution (flow) starting from a consistent point
x§ € € can be expressed by z(t) = eAdftmar +
[ A" =9119%hds, where A9 = I H is called the flow
matrix.

If the initial point z ¢ € is not consistent, then a re-
initialization procedure is needed to find a consistent point
x7 in order to solve the DAE. One approach to achieve the
consistent initialization is to introduce a jump (an instant
change) from z; to x7; utilizing (2) and following similar
arguments as in [24], [17], [25] this jump map is uniquely
defined via the projectors II and IT'™P by

xa' =z, — m™ry ¢ ¢.
III. MAIN RESULTS

A. State-dependent jumps and jump sliding behavior

The first problem to discuss is the definition of jumps
for PWA-DAE (1). Consider an inconsistent initial point
zg ¢ €, and z; € Q, for an index p € {1,2,...,N}.
If we directly apply the projectors II, to x5 and H;,mp to
b,, we obtain the consistent point zd = Iz, — IL"Ph, €
¢,. However, in general, xar ¢ Q,, which means that the
resulting consistent point violates the active region rule.
Therefore, it becomes necessary to introduce a new definition
of jumps for PWA-DAE to address this issue.

To generalize the definition of jumps for nonlinear DAEs,
a novel approach called the “jump path” is proposed in [5].

We now adapt this notion for PWA-DAEs in the present
paper. The key idea is not just to consider the jump map
r5 — o, but instead to introduce a jump path J : [0,a] —
R, 7+ J(7), with J(0) = z; and J(a) = xg € C, such
that d‘(li(:) € ker E. The latter condition, which requires the
jump direction to stay in ker F, is inspired by the impulse-
free jump condition xj —x, € ker E, meaning that the jump
does not cause any Dirac impulse, see, for example, [24],
[17], [18] for the distributional solutions theory of DAEs. It
can be proved by the results in [5] that for an index-1 linear
affine DAE A, the jump associated with the jump path is
uniquely defined and it coincides with the one defined by

the consistency projector, i.e., J(a) = Ilzy — II™PD.
N

Define €P¥® := [ J (€; N ;) and call it the consistency

space for the PWAZ—_DlAE APY2_ Note that from any point
rd € PV there exists a unique maximal C'-solution for
the corresponding activated DAE mode A, where p satisfies
xa' € Q.
Definition 1 (State-dependent jump path). Consider a PWA-
DAE APY2 an absolutely continuous curve J : [0,a] — R”
is called a convergent jump path starting from an initial point
xg € R™if J(0) = zy, V7 € [0,a) : J(7) NEPY™ = (),
J(a) € €P¥ and
dJ(r)
dr

cim fi*(J(r)), Je, 4)

where . _
fP(I (7)) i= (I = I)J (1) — II;™Pb;.

The change x; — z§ := J(a) is called a state-dependent
jump associated with J(7). If a = oo and J(o0) =
lim J(7) does not exist, then J(7) is called a divergent
}L;nof) path.

The motivation behind jump rule (4) is to allow the
jumping direction %(:) = lir% M to depend on
the position J(7) of the pa'[hanld to require any inconsistent
point z € (), to move towards the consistent initialization
zt = Hpm—H;mpbp for_ the active mode A.P’ i.e., the moving
direction is (Il,x — I["Pb,) — x = fIP(x). One should
keep in mind that the jump still happens instantaneously, in
particular, 7 is not a real time-variable (it is virtual), but just
describes the position on the jump path. It is not necessary
to specify how fast the path moves, thus we use inclusion
and im f® in (4) instead of using %(TT) = f*(J(1)). To
solve (4), it is enough to choose any vector ggp(J, T) €
im f{"(J) and solve 9Z = g°(J,7). The solutions from
different choices of g!” are different parametrizations of
the same curve. The simplest choice is g)” = fi¥, then
a = oo. By applying this choice to a single affine DAE

mode A = (E, H,b), we have

J(r) = eAjpT:cg — / eAjp(T*S)Himpbds,
0
where AP :=TI — I. It follows that 2§ = J(c0) = Iy —
II'™Pp, This means that Definition 1 is a generalization of the
projectors-based jump rule for affine DAEs to PWA-DAEs.



Remark 1. (i) If the mode A; is index-1, then % €
im fgp (J) C ker F;, thus the defined state-dependent jump
does not cause Dirac impulses for index-1 modes and Def-
inition 1 is indeed an adaptation of the impulse-free jump
rule [5] to PWA-DAE:s.

(ii) For any jump path J(7), by a change of variables
7 = (1), where ¢ : [0,a] — [Ty, 71] is a diffeomor-
phism, we re-parameterize J(7) as J(7) = J(¢ (7)) :
[To,71] — R", it can be seen that J still satisfy (4), i.e.,
% € im ffp(j ), so the above definition is invariant under
different parametrizations of the jump path, which means
that given any parametrization of a curve starting from z,
we may verify if it is indeed a jump path by directly using
Definition 1.

In the spirit of Filippov solutions for piecewise ODEs
[10], [7], [14], we may express the rule (4) by the following
differential inclusion

dJ(7) ip
“dr € FP(J(7)),

where FIP is a set defined by
FiP(J) = con{im fI*(J),Vi : J € clo(;) # 0},

where con represents the convex closure and clo(§2;) is the
closure of €2;.

Jump sliding behavior. Let S, := clo(£2,) N clo(£2,)
be the common boundary of two neighboring active
regions (2, and Q. Then for any point J € S, \ (€, U
¢,) if both the vectors fiP(.J) and fiP(.J) point towards
Spq> then there always exists a convex combination
afiP(J)+(1—a) fiP(J) € T; Sy for some 0 < a < 1,
where 775, is the tangent space of Sy, at J € Sy,
which means that FIP(J) N T;S,, # 0 and the jump
path J(7) approximates a trajectory sliding on the
boundary S,,, which we call the jump sliding behavior
of APWa,

Example 1. Consider a PWA-DAE APY® with z =
(71,22) € R? and two modes

sofy =B SR
s [7 3] )= [ Sl [

The active regions are Q; = {x € R"| v(x; — 22) >0}

and Qs = R? Q1. By a direct calculation, we
et fP() = |Tig]g o+ [L] ad ) =
8:ﬂ J + ? . The boundary of Q; and Q5 is Si5 =
(21, 12) € R? | T1 = Tg } It can been seen below that both

f1(J) and fo(J) point towards Sip and 30 < o < 1 :
afif(J) + (1 — «)fP(J) € T;S12 whenever z; > 1
and xo > 1. Thus starting from any inconsistent point
Ty = [il"} € SioN{x € R| 1 > 0,29 > 0}, there exists
ajump slf(oiing behavior. As seen from Fig 1, the jump sliding
behavior J(7) converges to (1, 1) (implying that z7 = (1,1)

is the resulting consistent point) if v > 1, and J(7) diverges
if v < —1.

=T

(b)y< -1

@v>1

Fig. 1: Red and blue dashed arrows: Jump directions of A;
and As, Red and blue lines: ¢; and €5, black dashed line
with arrows: Jump sliding modes.

Now given an inconsistent initial value x, ¢ CPva if
the purpose is only to find the re-initialization value x{,
instead of calculating the jump path from x,, we may use
the following algorithm which calculates xg by iteratively
applying the projectors II; and II;"P, but the algorithm
works only if the jump sliding behavior is not present. Let
erva(y ) :={yeR|x € €¥: |y — x| < §} and denote
051, the boundary of (,,.

Algorithm 1 State dependent jumps algorithm

Require: z, ¢ R"
Ensure: x{ € ¢PV%(x,§)
1: if z, € €P¥2(z, ) then
2 return z{ =ux,
3: end if
4: Set ia' — Iz — H‘fompbp, where p satisfies x, € Q).
55 fV0<a<1:(l-a)r, +aid €Q, then
6: return xf =37
7: else
8 Seta® + min{a| (1—a)z; + aif € 00, }.
9:  Setxy + (1—a*)zy +a*d].
10  Go to Step 1.
11: end if

Proposition 1. Given a PWA-DAE APY® and an inconsistent
point x, ¢ CPV: Assume that there is no jump sliding
behavior for the jump path starting from x . If Algorithm 1
returns to a point ©§ € R™, then the change xy — z{ is
a convergent state-dependent jump of APV in the sense of
Definition 1.

_ The proof is omitted as it is clear that for each iteration
J(a) = (1—a)zy +aio for a € [0, a*] is a parametrization
of the jump path from x, on €.

Example 2. Consider a PWA-DAE APY with two modes
with states x = (21, x2) € R?,

S 1 AR
s fo ol ] = [0 -



The active regions are given by
04 :{ZL'ER2’ T1T2 SO}, QQZR2\QQ.

The following figure shows the re-initialization of an in-
consistent point z, = (0,1.2) via Algorithm 1. By a
direct calculation, we have II; = [§ '], ™ = [J1],
Iy = [0 9], 13" = [§ _35]. In the first iteration, A; is
activated, we have ¢, = Ilyzg —II"Pb; = [ 21| ¢ ePve,
thus we find z5; = 0.294z; + 0.7062; ~ | 52| € 0.
Similarly, for the second iteration, gy = Hazg; — H;mpbg =
[_l47] ¢ € and x5, = [_J]. Finally, the algorithm
returns to &g = Iz, — II™Ph; = [ %] € €P" in the
third iteration.
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Fig. 2: Red and blue dashed arrows: Jump directions of A;
and Ao, Red and blue lines: €; and €,. Red and blue regions:
Q4 and Qs.

Note that in Algorithm 1, we use €P¥?(x,0) instead
of €PY® as it may take infinite numbers of steps for the
algorithm to reach a point exactly on €P**. Moreover, in the
case of J(7) is a divergent jump path, Algorithm 1 does not
return to any point.

Example 3. Consider a PWA-DAE AP"® with two modes
with states x = (21, 22) € R?,

1 =1 (21| |0 Of |21 1
sl 9] )= Do Y] o)
Ao - 2 1 Zbl o 0 0 T . -1
2700 0f |42]  [1 0] |22 0]"
with the active regions given by
le{x€R2|x2—y2+7xy§0}, QQZRQ\QQ.

The consistency space €P¥* = {0} is a single point. In case
(a) v = 1, the algorithm return to a point 2§ ~ 0 while in
case (b) v = 10, the algorithm does not return to any point
as the jump solution is not convergent.

B. PWA-DAE jump-flow solution on hybrid time domain

Starting from a consistent point 1;3 € €PV there exists

a C!-solution z(t) of the active mode A, where p satisfies
rg € Q,N¢,. It is conceivable that z(t) may exit €P** at a
certain time ¢ = 1, i.e., z(¢; ) ¢ ¢€”*. In such instances, a
consistency re-initialization, represented as a jump x (¢, ) —
z(t)) € €™, should be determined following the guidelines
outlined in Definition 1. Consequently, a complete trajectory
of a PWA-DAE entails a hybrid behavior that incorporates

zo nT2 L2
2
’ \
,
\
/} — \
‘/ :EO/" \
7 \
\\ wg /)\ \\
\ ) \ < \
T » o1 . — 1
7
\\ /{ \l< 7
v
3 g
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\
@y=1 (b) v =10

Fig. 3: Red and blue dashed arrows: Jump directions of A;
and Ao, Red and blue lines: €; and €5, Red and blue regions:
Ql and QQ

both jump and flow dynamics. Given that these dynamics
are characterized using both the real-time variable ¢ and
the virtual variable 7, we customize the hybrid time-domain
framework proposed in [12], [11] for PWA-DAE solutions.

Definition 2 (PWA-DAE hybrid time domain). A subset
E = U[Tj,’rj+1} X [tj;thrl] C RZO X RZU is called a

PWA—DJAE hybrid time domain if it is a union of finite or
infinite sequence of indexed intervals [7;, Tj41] X [t;,t;+1],
7=0,1,2,..., for some ordered sequences 0 < 79 < 1 <

.and 0 < tg < t; < ... in R. In the case of a finite
numbers m + 1 of intervals, the last intervals are allowed to
be half-open, i.e., [, T) Or [t,,T) with T and T finite or
equal to oo.

Remark 2. One distinction between Definition 2 and the
original definition of hybrid time-domain in [12] is the
discrete time-sequence j becomes a continuous virtual time-
interval [7;,7;41]. This adaptation is necessitated by the
nature of the state-dependent jump, which, as previously dis-
cussed, embodies an absolutely continuous dynamic. Another
notable difference lies in the reordering of the time variables
7 and t: it is now prioritized to first incorporate jump
dynamics, which facilitate re-initialization, followed by the
inclusion of flow dynamics originating from the consistent
initial point. The figures below illustrate the typologies of
these two distinct definitions.

Definition 3 (PWA-DAE hybrid arc). A function = : E —
R™ defined on a PWA-DAE hybrid time-domain is called
a PWA-DAE hybrid arc if for each j = 0,1,2,..., the
function 7 — x(7,t;) by fixing ¢; is absolutely continuous
on the interval [T := {7| (7,t;) € E'} and the function
t — x(7j41,t) by fixing 7,4 is absolutely continuous on
the interval I} := {t| (1;11,t) € E'}.

Now with the help of the above two definitions, we can
define the jump-flow solution of a PWA-DAE from any initial
point (consistent or not). Recall and define the following
jump and flow vector fields

fP(x) = (I = Dz =T, () == A¥e + 1,

%
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Fig. 4: (a). A hybrid time domains E defined in [12],
[11], where E is the union of [0,¢1] x {0}, [t1,2] x {1},
[ta, t3] x {2} and [t3,00) x {3}. (b). A PWA-DAE hybrid
time domains E which is the union of [0,71] x [0,#1],
[7'1,7'2] X [thtg], [TQ,Tg] X [tg,tg].

and define
FP(g) := con{im f°(x),Vi : x € clo() \ ¢},

FI(z) := won{fP(x), fi(x),Vi : = € clo() \ &,k :
x € clo(Qx) N €}

Definition 4 (Jump-flow solutions). A PWA-DAE hybrid arc
x: E — R™ is a jump-flow solution of AP"* starting from
an initial point zo € R™ if 2(0,0) = z and the following
conditions are satisfied:

(Jump Condition) For each j € N such that I7 has non
empty interior:

da(r,t5)

dr
x(7,t5) ¢ € for all 7 € [min I7,sup I]),

€ F¥P(z(r,t;)) for almost all 7 € I7,

(Flow Condition) For each j € N such that ]j*: has non
empty interior:

d$(7j+1, t)

dt
x(7j41,t) € €V for all t € [min I}, supI}),

€ F¥(x(7j41,t)) for almost all t € I,

Remark 3. (i) In contrast to the definitions outlined in [12],
[11], the jump condition and flow condition in Definition 4
exhibit a symmetry structure. This symmetry arises from the
fact that the jumps considered here are also characterized
by absolutely continuous dynamics as the flows. However, it
is worth noting that the definitions of FP and Ff are not
symmetry, which is because the consideration of the jump-
flow sliding behaviors discussed below.

(ii) In solving the differential inclusion within the (Jump
Condition), our objective is to identify a specific map-
ping Gjp € FP. Notably, if we were to set GIP =
con{ fi’(z),Vi : z € clo(£;)\ &;}, the jump path defined by
g—f € G would be parameterized over [0,0). However,
since the jump path in (Jump Condition) is required to
be parameterized over I7, we may choose G'P(z,7) =

, -1
con{ fIP(x) (%) iz € clo(Q) \ €}, where ; :
[0,00) — IT represents a change of variables.

Recall that Sp, denotes the boundary shared by both (2,
and 1,. For any x € 5,,N¢,NE,, meaning  is a consistent
point for both A, and A, on the boundary of €, and Q,
respectively, we have F4(z) = afgf(:z:) + (1 — a)fYfq(x)
for a € [0,1]. If f(x) and f§(x) point towards Sy, then
it is evident that a flow sliding behavior will emerge when
considering the Filippov solution of the differential inclusion
in the (Flow Condition).

A challenge arises when = € (Spq N €,) \ €, meaning
is consistent for one mode A, but not for another mode

A,. In such cases, the flow rule % = [l (x(r,t))
should be followed for A,, while the jump rule de(rt) ¢

im fiP(z(7,t)) should be respected for A,. Describing the
sliding behavior on (S,q N €,) \ €, becomes challenging as
it involves two dynamics described by different variables, ¢
and 7. The (Flow Condition) actually provides a solution
with the assistance of the definition of F4f,

Jump-flow sliding behavior. In the case that both
vector fields fgf(x) and fJP(x) point towards (Spq N
¢,) \ €, there exists 0 < e < 1 such that

Pl (@) = afd(@) + (1 - 0) [P (@) € TuSpy (5)

for x € Sp,, the system follows a jump-flow sliding
behavior defined by « € [0,1] :

dSC(Tj+1, t)

dr € O‘fgf(x(TjHat))+(1—a)f§p(x(7j+17t)).

Remark 4. Because z € (S, N¢,)\ ¢, C Q,NCE, C
¢PW2 is consistent for AP%?, it is reasonable to describe the
jump-flow behavior in (Flow Condition) instead of (Jump
Condition). An intuition for using the convex combination of
the flow vector field f;}f and the jump vector field fgp comes
from the singular perturbation approximations of DAEs [15],
[6], [5], the variables 7 and t can be related via a small
parameter € by g—ﬁ = ¢, thus the jump rule for A, can be
wrote as w = W% = %f}'lp(x(T, t)). Then there
always exist a convex combination of f;}f(x) and 1fiP(z)
belongs to 17,5, if and only if (5) holds. Indeed, let 3 :=
m (so 0 < B < 1), it is clear that ﬂf;,if(x) +(1-—
B)efiP(x) is proportional to arfs (z) + (1 — ) fiP () and is
thus in T5,Sp,.

Example 4. Consider a PWA-DAE APY2 on R? with two
modes

R O I P I e R N I e 0
aclo Y] =[5 3R]
1 0] (21| _ |1 Of |7 1
aexlo o] [l =[o 3 )+ o)
Clearly, A; is an ODE, i.e., an index-0 DAE and A, is an

index-1 DAE. We show two different cases of active regions,

the first case is
le{(ﬂil,xz)GR2|$1>$2}, QQZRQ\Ql.

Thus S15 = {(1‘1,1‘2) e R? | X1 — Tog = 0} For each x €
S12 \ {0} in the first quadrant, there exists 0 < o < 1 such
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Fig. 5: Red arrows and blue dashed arrows: Flow directions
of A; and jump direction of A,, black line: Jump-flow
solutions.

that af3f(z) + (1 — a) fiP(z) € TS5 = im [1], where

dfo \ _ | 7% — 22 oy _ | O

o) = | ) e = | 0 ).
There exists a jump-flow sliding behavior from o, i.e., the
Filippov solution of % caffi(z)+(1—a)fP(x), a e
[0,1] as shown in Fig 3a. In the second case, the active
regions are chosen as

O ={(z1,22) ER*| 32 =0}, Qy=R*\ Q.

The boundary 5’12 = {(xl,xg) S R2| To = 0} coincides
with the consistency space €5 of A,. For any point x € Sia,
the (Flow condition) 20 — fdf(;) — Adfz should
be respected. Notice that 5‘12 is not Aclif-invariant, once
the trajectory reaches any point of Spo, it will leave Sio
immediately to SJ, = {(z1,22) €R?*| 3, =0} with an
arbitrarily small parameter § > 0. Then for = € S{,, there
exists 0 < a < 1 such that afdf(z) + (1 — a)fP(x) €
T,SJ, = im [}], thus there exists a jump-flow sliding
behavior on SY,. For any point (z10,8) € S, the trajectory
slides to (0,¢) and eventually heads towards (0,0) as seen
in Figure 5b.

The following theorem states the well-posedness of PWA
jump-flow solution and summarize its boundary behaviors.
Note that below the uniqueness for a jump path means that
x(7,t;) is a uniquely defined curve on I7 up to different
T-parametrizations. Define Erax := J[7j, Tj4+1] X [t;, tj4+1],

J
with 79 = tg = 0 and the last intervals are either [7,,, 00) X
[tms tms1] OF [To, Tig1] X [tm, 00)

Theorem 1. Given a PWA-DAE AP with an initial point
xo € R", there exists a unique maximal solution x : Fp . —
R™ such that x(0,0) = xo. For any boundary S,, of two
neighboring active regions ), and €), there are basically
six different boundary behaviors possible:

(a) Flow-flow crossing or sliding if Spq N €, N €y # 0, the
active vector fields are f;}f and f;if.

(b) Jump-jump crossing or sliding if Spq \ (€, UC,) # 0, the
active vector fields are ij)p and fgp.

(c) Jump-flowing crossing or sliding if (Spqa N €,) \ €4 # 0,
the active vector fields are f;j‘f and fgp.

The crossing behaviors happen when the corresponding
active vector fields fz‘}f (or fzj)p ) point towards Sp, and

fgf (or fgp) point away from Spq. The sliding behaviors
are present when both fgf (or fzj)p ) and f;if (or fgp) point
towards Spq.

By the classical results for Filippov solutions of differen-
tial inclusions, see e.g., [7], there exists a unique maximal
solution from any point z, ¢ €P%* for the inclusion
in (Jump Condition) and there exists a unique maximal
solution from any point xa“ ¢ €PW2 for the inclusion in (Flow
Condition), thus it is clear that the jump-flow solutions of
APY@ from any initial point xq is well-posed.

Example 5. Consider an RLC electric circuit with two
switches K7 and K5, an inductor L, a capacitor C' and two
resistors R; and Ry. Depending on the situations the two

Vs
] ve=x2 (ZZC
Ky
1 T
L1
Ry

Fig. 6: A switching RLC circuit

switches, the circuit can be modeled by a PWA-DAE AP%?
via Kirchhoff’s law. The states are © = (x1,x2), where
x1 = i1 1s the current of L and zo = v, is the voltage
of C, AP%* has four DAE modes A;, 1 = 1,2,3,4.

Ko

Open | Closed

K,
Down Al AQ
Up Ay Az

The four modes are, respectively, given by,

Ave [ LB B =105 m+ 181,
Ao [E O R = (90 mI- (0],
Ay [881[5] =98]0+ [ 7]

A [e%01 )= mI+[R]

We assume for the simplicity of calculations that L = 1 H,
C=1F,Ri =Ry =1Q,I,=4A and Vs = —4V. The
active regions are chosen, respectively, as
le{xeRz‘ x1§0,x2<0},
Q={reR?| 2, <0,2,>0},
93:{$€R2| I’1>0,I‘220}.
Q={zeR?| 2, >0,2,<0},

By calculations, we have fif(z) = [_1112122 }, P(r) =
)
[T7i) AP@) = [T07a], M) = [43'], these

vector fields are drawn below in their active regions.
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Fig. 7: Jump-flow solutions of the circuit

It can be seen in Figure 7 that there are four boundary
behaviors, namely, jump-jump sliding for z; > 0, x5 = 0;
jump-jump crossing for 1 = 0, z2 > 0; jump-flow crossing
for 1 < 0, 2 = 0; jump-flow sliding for ;1 = 0, x5 < 0.

In Figures 8 and 9, we draw the jump-flow solution
x(1,t) = (x1(7,1t),x2(7,t)) from the initial point (1,4.75).
The solution is defined on E = [0,71] x [0,¢1] U [11, T2] X
[t1,00), where 71 = 75 = 3.95 and ¢; = 3.14 is the real time
that the solution reaches z; = 0 via the flow. The (Jump
Condition) on 5 and Q3 are chosen as g—f = fi’(x) and
‘dl—f = gp(a:), respectively. The solutions for the jump-flow
sliding behavior 4% = o f{f(z) + (1 — ) P(2), a € [0, 1],
are calculated by a MATLAB ODE solver.

7

1 L =

-3

Fig. 9: The hybrid arc z2(7,t) with 25(0,0) = 4.75.

IV. CONCLUSIONS AND PERSPECTIVES

In this paper, we present a solution framework for PWA-
DAEs. We redefine state-dependent jumps as continuous
dynamics in line with the active region rule. Leveraging
hybrid time-domain techniques, we establish a well-defined
concept of jump-flow solutions, which have various sliding
and crossing boundary behaviors. This solution framework
offers a foundation for future studies on the stability and sta-
bilization of DAEs under state-dependent switching signals.
Furthermore, we aim to explore its applicability in linear
complementarity systems.
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