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Abstract: In this paper, we study two kinds of linearization (internal and external) of nonlinear
differential-algebraic equations DAEs of semi-explicit SE form. The difference of external and
internal linearization is illustrated by an example of a mechanical system. Moreover, we define
different levels of external equivalence for two SE DAEs. The proposed explicitation procedure
allows us to treat a given SE DAE as a control system defined up to feedback transformation (a
class of control systems). Then sufficient and necessary conditions, expressed via explicitation
procedure, are given to describe when a given SE DAE is level-3 externally equivalent to a
linear SE DAE of some specific forms. At last, we show by an example that level-2 external
linearization of a DAE can be achieved if its explicitation is level-2 input-output linearizable.
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1. INTRODUCTION

We study differential-algebraic equations DAEs of semi-
explicit SE form

zse . | R(@)E = a(z)

=% 0 = e(x), (1)
where R(z), a(z), and ¢(z) are smooth maps with values in
R™*" R" and RP, respectively, and the word smooth will
mean throughout ¢*°-smooth, and where x € X is called
the generalized state and X is an open subset of R". A SE
DAE of form (1) will be denoted by Z2¢. = (R,a,c) or,

—n,r,p —

simply, Z%¢. A solution of Z%¢ is a curve z(t) € €*(I; X)
with an open interval I such that for all ¢ € I, x(¢)
solves (1). An admissible point of (1) is a point z° € X
such that through z, there passes at least one solution.
The motivation of studying SE DAEs is their presence
in modeling of electrical circuits Riaza (2008), chemical
processes Kumar and Daoutidis (1998), and constrained
mechanical systems Campbell (1995).

Definition 1. (External equivalence). Consider two SE
DAEs Z5°,. , = (R,a,c) and Z;°, ) = (R, @, ¢). If there ex-
ists a diffeomorphism % : X — X and a smooth invertible
r X r-matrix Q%(x) such that

R((x)) = Q°(2)R(x) <

a(y(x)) = Q*(z)a(x),
and if, additionally,

o)

(i) there exists a smooth invertible p x p-matrix Q°(z)
such that é(y(z)) = Q°(x)c(z), we call Z°¢ and
=%¢ externally equivalent, or shortly ex-equivalent,
of level-1;

(ii) there exists a smooth invertible p x p-matrix Q°(z)
such that é(v¥(z)) = Q¢(z)c(z) and Q¢(z) = Q(c(x))
for some invertible Q(z), we call 2%¢ and =°¢ ex-
equivalent of level-2;

(iii) there exists a constant invertible p x p-matrix T
such that &(1(z)) = Te(z), we call 25¢ and Z°¢ ex-
equivalent of level-3.

The level-i (i = 1,2,3) ex-equivalence of two SE DAEs

will be denoted by Z¢ “~ " =5 If b : X, — X is a local

diffeomorphism between neighborhoods Xy of 2% and X,

of 7%, and Q%(z), Q°(z) are defined locally on X, we will

speak about local ex-equivalence.

Remark 2. For SE DAESs, we propose three levels of exter-
nal equivalence that correspond to three kinds of transfor-
mations of the constraint ¢(x) = 0. The interpretation of
the three levels of ex-equivalence is as follows.
(i) Two constraints 0 = ¢(z) and 0 = ¢&(x) are level-
1 ex-equivalent if and only if My, = My, where
My = {z|e(z) = 0} and My = {z|&(x) = 0};

(ii) Two constraints are level-2 ex-equivalent means that
the foliations My = {z|c(x)=d} and M; =
{x|&(x) = d} coincide, where d,d € RP, i.e., there ex-
ists a diffeomorphism ¢ such that ]\;Id~ = Mgyq)- It also
implies that the set of motions xz(t) respecting the
constraint ¢(z) = d (equivalently, De(x(t)) - z(¢) = 0)
coincides with that respecting é(z) = d;

(iii) Two constraints are level-3 ex-equivalent means the
foliations My and M j coincide via a linear parameter

transformation, i.e., Mj; = Mrq.
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There are two kinds of equivalence relations for DAEs,
namely, external and internal equivalence (for details
of internal equivalence, we refer to Chen and Respon-
dek (2018a) (linear DAEs) and Chen and Respondek
(2018b) (nonlinear DAEs)). We will show the differences
of these two equivalence relations in Section 3 by ex-
amples. Roughly speaking, the word “internal” means
that we consider the DAE on its constrained submanifold
only, Reich (1991) (also called invariant submanifold in
Chen and Respondek (2018b) or configuration subspace
in Steinbrecher (2006)), i.e., where the solutions of the
DAE exist. Correspondingly, the word “external” means
that we consider the DAE in a whole neighborhood and
for some points in that neighborhood there may not exist
solutions. More precisely, solutions of Ri = a(x) pass
through each point of the neighborhood but some may
not respect the algebraic constraint ¢(z) = 0. Therefore,
external equivalence is interesting in all problems, where
the nominal point does not respect the constraints but we
want to steer the solution towards the constraint (in finite
time or asymptotically). So the form of the DAE matters
not only on the constraint set but in a neighborhood as
well.

The purpose of this paper is to discuss when a SE DAE,
given by (1), is locally equivalent to a linear SE DAE. Some
results for linearization of DAEs can be found in Kawaji
and Taha (1994), Jiandong and Zhaolin (2002), however,
the concepts of external and internal equivalence are not
distinguished in those papers. In the present paper, we
will use a new tool named explicitation (see Definition 6)
to represent DAEs as explicit control systems. As shown
in the examples of Section 3, the internal linearizability
has direct relations with the feedback linearizability of
the explicit control system on its maximal output zero-
ing submanifold. For the external linearizability, we only
consider level-3 and level-2 external equivalence, level-1
will be discussed in future. The level-3 external lineariz-
ability of SE DAEs is closely related to the involutivity of
some distributions of an explicit control system (obtained
via explicitation), as is shown in Section 4. Moreover,
in Section 5 we provide an example of a system that is
level-2 externally linearizable but not level-3 externally
linearizable.

2. SOME RESULTS FOR THE LINEAR CASE

In this section, we introduce some concepts of linear semi-
explicit DAEs of form
se . | Rt = Ax

S @
where R € R™" A € R™"™ C € RP*". We assume
R to be of full row rank. A DAE of form (2) will be
denoted by A2, , = (R,A,C) or, simply, A*. From
the Kronecker canonical form KCF, see e.g. Kronecker
(1890) or Berger and Trenn (2012), for matrix pencils
sE — H (or equivalently, for linear DAEs Ei = Hux),
the canonical form SCF (see Proposition 1 below) can be
deduced for linear SE DAEs. Definition 1 applied to linear
systems says that two linear SE DAEs A*¢ = (R, A, C) and
A% = (R, A,C) are ex-equivalent if there exists constant
invertible matrices P, Q%, Q¢ such that R = Q*RP!,

A=Q AP~ !, C =Q°CP.

Proposition 1. Any linear SE DAE A¢ = (R, A,C) is

,1,p
ex-equivalent to the following semi-explicit canonical form:

2 _ 42,2

3= A323 + B3w3 +K3y
SCF : 4 — p44 -|—K4y

0=u"

0=C323

0=C4z4

where y = (4°,4%,4%), ¥° = w°, 3 = C32% and y* = C*24,
and the system matrices satisfy A¥ = diag [A¥,... A%] for
k =1,3,4, B¥ =diag [BY},...,B*] for k = 1,3 and B* is
empty for k = 2,4, C*F=diag [CF},...,C¥] for k = 3,4 and
C* is empty for k = 1,2, with

Al = [0 dugr], BE = [Q] e Rext, cF = [1 0] e RV,
for 4 = 1,...,e, where e depends on k and is equal to
a,b,c,d for k =1,2,3,4, respectively; A2 is in the Jordan
canonical form for real matrices.

Remark 3. If we regard the algebraic constraint as the zero
output of the control system, the above SCF coincides with
the Morse canonical form MCF for linear control systems
(see Morse (1973)), modulo output injection terms K‘y.

Now let .#* be the largest subspace .# such that

A R
A
The Wong sequences (see Wong (1974)) of A% are:

~1
Y =R", Y= [A] {R Y

C 0 1 €N,

0 C
The limits of ¥; and #; are denoted by 7™ and #*.
Notice that the solutions of A%¢ exist on .Z* only and,
moreover, #* = ¥* (see, e.g. Chen and Respondek
(2018a)). Now we introduce the following regularity and
reachability concepts (compare Berger and Reis (2013)).

Definition 4. Af¢, = (R, A,C) is called

P T

Woi= {0}, Wisr = {R]l [A]W ieN.

e internally regular, if V 2° € .#*, 3 only one
solution z(t) for t > 0 such that x(0) = 2°,

e regular, if it is internally reqular and r + p = n,

e internally reachable, if V 2°,2¢ ¢ .#*, 3 t, > 0
and a solution z(t) of A%¢ such that z(0) = 2° and
z(te) = z¢,

e constraint-free reachable, if Vz°,2¢ ¢ R®, 3t. > 0
and a solution x(t) of Ri: = Az such that z(0) = 2°
and z(t.) = x°.

Lemma 5. A3, = (R,A,C)is

rn,p
(i) internally regular < dim¥™* = dim(R¥™) & 7* N

#* =0 <« zl-subsystem in the SCF is absent,

(ii) reqular & 7*N#* =0and V* o #* =R" & 21
and z*-subsystems in the SCF are absent,

(iii) internally reachable & ¥* C #'* & z%-subsystem in
the SCF is absent,

(iv) constraint-free reachable < Ri = Ax is internally
reachable.

The above lemma, proved in Berger and Reis (2013), can
also be shown using the SCF described in Proposition 1.
The purpose of this lemma is to show how the concepts of
Definition 4 correspond to certain forms of linear SE DAEs
and that they are closely related to the Wong sequences.
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3. EXPLICITATION AND INTERNAL
LINEARIZATION

We start this section by the definition of explicitation for
SE DAEs. Throughout the paper, we will assume that
R(z) is of full row rank equal to r in a neighborhood X
of a nominal point 2°.

Definition 6. (Explicitation) For = =~ = (R,a,c), set
m = n — r. Then the explicitation of Z°¢, denoted by
Expl(Z2¢), is a class of control systems of the following
form:

{2 2ffgror @

where v € R™ is called the driving variable, h(z) is a
smooth RP-valued function on Xg, and where f,g1,...,9m
are smooth vector fields on X satisfying

f(@) = Ri(z)a(z), Img(z) =kerR(z), h(z)= c(z).
Above RT(z) is a right inverse of R(x), i.e., R(z)R'(z) = I
and g = (g1,...,9m). We will denote control system (3)
by Xpmp = (f,g,h) or, simply, X.

Notice that Expl(Z2°°) is a class of control systems. Indeed,
first, the distribution ker R(x) spanned by gi,...,gm is
given uniquely but not the vector fields g1, ..., g, them-
selves and, secondly, f is given up to ker R(x). We will use
the notation ¥ € Expl(2°°) to indicate that control sys-
tem (3) belongs to the explicitation class of Z%¢. By setting
y = 0 for system (3), we get a SE DAE parametrized by
the driving variable v. The definition of f and g implies
that © = f(z) + g(z)v and R(z)z = a(z) have the same
solutions. More precisely, if (z(t),v(t)), with v € €°(I),
is a solution of # = f(x) + g(x)v, then z(t) is a €*-
solution of R(x)# = a(x) and, conversely, for any ¢-
solution x(t) of R(z)% = a(x), there exists a ¢ -function
v(t) such that (z(t),v(t)) satisfies & = f(z) + g(x)v.
Thus, via explicitation, we can study the solutions of X
yielding a zero output instead of studying the solutions of
=%¢ directly. Since the explicitation allows to treat a SE
DAE as a class of control systems, we give the definition
of equivalence for control systems.

Definition 7. (System equivalence) Consider two control
systems X, mp = (f,g,h) and X, p = (f, g, k) defined
on X and X, respectively. If there exists a diffeomorphism

¥ : X — X, an R™-valued function a(z), and an invertible
m x m-matrix-valued function §(z) satisfying

f@(@) = 259 (f + ga) (),

30(2) = 222 (g8)(a),
and if, additionally,

(i) either there exists a constant invertible matrix T' such

that h(i(z)) = Th(zx), then we call ¥ and % system
equivalent, shortly sys-equivalent, of level-3,
(ii) or there exists a diffeomorphism ¢ : R? — R? such

that h(y(z)) = ¢(h(z)), then we call the two control
systems sys-equivalent of level-2.
The sys-equivalence of level-i (i =
systems will be denoted by RS If v Xo — X
is a local diffeomorphism between neighborhoods Xg of 29
and X, of 2%, ¢ is a local diffeomorphism around h(z?),

and «a(z), B(x) are defined locally on X, we will speak
about local sys-equivalence.

2,3) of two control

Actually the above defined system equivalence for two non-
linear control systems of form (3) is widely considered in

nonlinear control theory, e.g., Isidori and Ruberti (1984),
Marino et al. (1994), Isidori (1995), Nijmeijer and van der
Schaft (1990). The following result is essential since it
connects control systems with SE DAEs.

Proposition 2. (i) Consider two control systems 3, ,, , =
(f,g,h) and Enmp = (f,§,h), that belong to the explic-
itation class of =57, i.e. 3,3 € Expl(2%°). Then there
exist an R™-valued function a(x) and an m x m invertible
matrix B(z) such that

f(@) = f(2) + g(x)a(x), §(z) = g(:v)ﬂ( )
(ii) Two SE DAEs 2, , = (R, a,c) and =3¢, , = (R, q,¢)

are ex-equivalent of level-2 (respectively, level-3) i and
only if two control systems (f,g,h) =X € Expl(=%¢) and

(f,3,h) = ¥ € Expl(2%) are sys-equivalent of level-2
(respectively, level-3).

Now we apply the above defined ezplicitation to the
internal analysis of SE DAEs. For a SE DAE =°¢ a
submanifold M* is called a mazimal invariant submanifold
(for details, see Chen and Respondek (2018b)) if M* is the
largest submanifold of X such that V 2% € M*, 3 z(t) such
that 2(0) = 2% and x(t) € M*, t € I. M* can be seen as
a nonlinear generalization of the invariant space .#* for
linear DAEs. But note that .Z* always exists while M*
may not exist. Denote by Z°¢|p/« a semi-explicit DAE =%¢
restricted to its maximal invariant submanifold M™*.

Definition 8. (Internal equival.) Consider two SE DAEs

=5, = (R,a,c) and Z5¢,. , = (R,a,¢). Let M* and M*
be their maximal invariant submanifolds. We call =Z%¢ and

Zs¢ internally equivalent, shortly in-equivalent, if =5 pre
and Z°¢| ;. are ex-equivalent.

Theorem 9. For =5¢

worp = (R, a,c), the following are locally
equivalent:

(i) E°¢isin-equivalent to a linear DAE A with internal
reachability;
(ii) A (and then any) control system (f*,
Expl(E%¢|ps+) is feedback linearizable;
(iii) The linearizability distributions G;, given by (14) be-
low, of ¥* = (f*, g*), are involutive and of constant
rank and G* =T M*.

The following example illustrates the above theorem. Note
that in Chen and Respondek (2018b), it is proved that

the maximal invariant submanifold M* of DAEs coincides
with the output zeroing submanifold of any control system

in its explicitation class.

*):E*E

Ezample 10. (The Kapitsa pendulum with auxiliary con-
trols). Consider the following equation of the Kapitsa
pendulum taken from Fliess et al. (1995)

d:p+uTlsina
g (up? (ug)?
p=(4— L5 cosa—12)

Z=uj.
We subject the system to two different holonomic con-
straints and analyze the constrained system from the DAE
point of view.

cos ) sin oz——p cos a (4)

Case 1: Consider the following holonomic constraint:

z 4 lcosa = cp, (5)
where c1g denotes a fixed constant. This holonomic con-
straint assures that the end joint of the pendulum keeps
the same vertical position as its initial point. Now combine
equations (4) and (5), and denote x = (x1, ..., z5), where

Tl =Q, Tag=0p, T3=2, Ty = Ug. (6)

We get the following SE DAE:

Ty = U1,
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(g o
where
R1(ZIJ) = E)l) g ?1) § §:| y Cl(l‘) = I3 +lCOSl‘1 — C10,
:cngIT‘l sin xq
al(x) = (%7(:7# 005117(22?2)2 COSZEl)SiniblszAng cos Ty

Z4
Consider the above DAE around an admissible point
2% = (219, ...,50) such that xsqcosx1gsinaig # 0. The
explicitation of DAE (7) contains the following control
system, see Definition 6, denoted by X1 = (f1, g1, h1), with

driving variables vy = &4, vo = &5:

m{iZV?Yﬂ%MW ®)

y=x3+lcosxzy — cip-
Recall that the explicitation of our DAE is the above
control system defined up to feedback transformation.
By the zero dynamics algorithm (see Isidori (1995)), the
maximal output zeroing submanifold of ¥;, denoted by
M7, can be expressed as:

M{={z|xs+lcosw — cip=14 cos® zq — lxs sinz1 =0} .
Then system (8) restricted to M7 is

2

T1 = oe? T ) )

L (z2) (z5) :
xg—(%—m—ﬁcosxl)smxl 9)
1"5 = V3.

System (9) is locally static feedback equivalent to the
following chained form around 2°:

iy =y, Io=3T5, I5="0o,
where (Z1,%2,%5) are new coordinates and ¥y is a new
control. It follows by Theorem 9 that =i¢ is internally
equivalent to the following linear DAE:

T1 =

To = Ts.
Case 2: Consider again system (4) but now under the
following dummy holonomic constraints

0= Ul
{Ozln\tan%| + (k—1)z,
where k& € R. Following the notations of Case 1, we write
zse . ) Ra(x)d = az(x)
=9 - { 0 — 02($)’ (10)
where Ro(z) = R1(x), az(z) = ai(x) and

T4
co(w) = [1n|tan“”—21\ + (k- 1)953} -
Consider Z5¢ around an admissible point z°. Then the
explicitation of Z5°¢ gives a control system ¥y € Expl(Z5°),

where Yo = (f2, g2, ho) is given by
b= |:a2(x):| + |:(1)8:| [’Ul]
e 01"

Y] e
[yz] = | In|tan B |+(k—1)z3

The maximal output zeroing submanifold M3, given by
the zero dynamics algorithm applied to s, is:

Mz*z{l‘ ln|tanx21|+(k‘—1)x3:x2=x420}’

2lg — (z5)%cosz1 =0
which is the curve z3 =

22 : (11)

In|tan 5|

5= equipped with the
coordinate 1, on the plane {z3 = x4 = x5 = 0}. The zero
dynamics of Y5 is

1"1 = 07
and its solutions consist of fixed admissible points x
(210, 0, 230, 0, 250). Thus E5° is in-equivalent to ODE (12).

o

12

4. LEVEL-3 EXTERNAL LINEARIZATION

We start by reviewing the results of linearization of input-
output map for control systems, given in Isidori and
Ruberti (1984). Denote by r(A(z)) the rank of the matrix
A(z) and denote by rg(A(x)) the dimension of the vector
space spanned over R by the rows of A(x) around x°.
Theorem 11. (Isidori and Ruberti (1984), Cheng et al.
(1988)) For a control system X%,.,, = (f,g,h), the
following conditions are equivalent locally around z°.
(i) System X is level-3 input-output linearizable;
(ii) The Toeplitz matrices
To(x) Ti(z) -+ Tk(x)
My = l 9 D@ Tk..l@]
0o 0 To ()
satisfy r(My(z)) = rr(Myg(z)) for all k < 2n — 1,
where Ty (z) = LgL’Jih(:c);
(iii) System 3 is level-3 sys-equivalent to

£L = L&) + g (vt + g* (&)

§3 :A3£3+BBUS —|—K3y
g =rieh +KYy  (13)
g® = 03¢3
g = Cag
where y = (3%,y%) and (43, B3,C?) is prime (see

Morse (1973) for the definition of prime form).

Note that in Isidori and Ruberti (1984) and Cheng et al.
(1988), the implication (i) = (i¢) is proved by the structure
algorithm, from which a linearizing feedback can be con-
structed via a rg,_1 X m full row rank decoupling matrix
L,T'(x). Due to the reason of saving space, here we will not
re-implement the structure algorithm but emphasize that
this rank ro,_1 will be used for the external linearization
problem below.

For a nonlinear control system %, ,,, = (f,g,h), define
sequences of distributions G;, S; and codistributions P;
by (see Isidori (1995) and Nijmeijer and van der Schaft
(1990) for those concepts, as well as for the definitions of
Lie bracket, Lie derivative, and the notations [f,G] and

L;G)

gl :g::fpanigh---,gm}

i+1 =G + |f,Gq

G =5 G (14)
i>1

S1 =G,

Sit1 :=S; + [f, Si Nker dh] + Z;“:l[gj, S; Nker dh)

s =38
i>1

Py :=span{dhi,...,dhp},

Py =P+ Lf(PZ' N GL) + Z;n:l Lg]. (Pl N GJ‘)
pP* =3P
i>1
The above distributions and codistributions, together
with V; := P+, V* := (P*)*, play an important role in
the problems of linearization and decoupling of nonlinear
control systems.

Theorem 12. Consider =3¢, = (R,a,c) around a point
20, Then in a neighborhood Xg of 20, Z%¢ is level-3 ex-
equivalent to a linear SE DAE A®¢ with internal reqularity
and constraint-free reachability if and only if a (and then
any) control system 3 = (f, g, h) € Expl(E°°) satisfies the
following conditions in Xj:

(i) X is level-3 input-output linearizable;

(ii) G* = TXo;
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(iii) [adl}gi,adlfﬁj] =0for 1 <i,j<m, 0<Ilk<n,

where f and g; are vector fields modified by a
feedback transformation resulting from the structure
algorithm
(iv) V*NnsS*=0.
Moreover, A®¢ is regular if and only if Z°¢ satisfies (i)-(iv)
and, additionally, condition
(v) V*@ S*=TX,.
Remark 13. (1) The distributions V* and S* are, obvi-
ously, the nonlinear generalizations of the limits of Wong
sequences ¥* and #*, respectively.

(ii) Condition (iv) above can be replaced by (iv)’: the rank
ron—1 of the decoupling matrix L,I'(z) in the structure
algorithm equals m. Condition (v) can be replaced by (v)’:
r+p=n.

Observe that if the rank ry,_7 = m, which implies that
the feedback transformation of the structure algorithm is
unique, then condition (iii) of Theorem 12 is verifiable.
However, if ry,—1 < m, which implies some inputs are
not used for the purpose of input-output linearization,
then condition (iii) may be difficult to check. We give
the following theorem, in which the “unused” inputs serve
to linearize the remaining part (contained in V*) of the
system and all conditions become checkable.

Theorem 14. Consider E7°, ) =

Then in a neighborhood X, of z°, =*¢ is level-3 ex-
equivalent to a linear SE DAE A€ of the form
— Al 4 Bly 0=
A323+B3w3 +K3y 0_03 3
where all matrices are in the SCF, if and only 1f a (and then
any) control system X € Expl(ﬁse) satisfies the following
conditions in Xq:
(i) X is level-3 input-output linearizable;
(ii) S; and G; are involutive and of constant rank;
(iii) S* = TXo;
(iV) Sz NnNV* = Gi NnV*.

Sketch of Proof: Only if . If 2°¢ is level-3 ex-equivalent to
A®€ given by (15), then any control system ¥ € Expl(=%¢)
is level-3 ex-equivalent to

L= A1 4 Blw!, Wl = ol

3 = A3:3 4 B3P + K3y, i = 0?,

y0 = w?, 00 = 00,

3 _ (08,3
The above linear control system satisfies (i)-(iv) in an
obvious way. Moreover, the invariance of S;, G; (clearly, G;
is involutive for the linear system), and V* under level - 3
sys-equivalence, completes the proof of necessity.
If. Suppose ¥ € Expl(2°°) satisfies conditions (i)-(iv),
then by condition (i) and Theorem 11, ¥ is level-3 sys-
equivalence to a control system of the form (13) via the
structural algorithm. Subsequently, condition (iii) implies
that there is no &4 in system (13), i.e., after input-output
linearization, ¥ becomes

&= FUEN %) + g (€1, )t + (¢, )

(15)

€3 = ABE3 4 B33 4 K33 (16)
3 — (083¢3,
For ease of proof, we assume that v! is of dimension 1.
Denote

o) 0 () - ().

(R, a, c) around a point z°.

In view of condition (iii)Lthe key of the following proof is
to find new coordinates ¢! and new control o' (we do not
change &% and v?) such that in (£!,€3)-coordinates and
with the control (91, v3), the distributions G; are rectified.
Notice that from the involutivity of S; in (ii), we have
Siy1 = S; + [f, Si Nker dh]. Now from V* = span {a%l}v
via condition (iv) and a direct calculation of S;, we get for
(16), Gs N V* = S; N V* = span {gl,adfgl, cadi g

Then there exists a smallest number, denoted by p, such
that G, N V* = G* N V* (note that dim(G, N V*) —
dim(G,—1 N V*) = 1). Thus, from the involutivity of
G;, we can choose a scalar function (¢!, €2) such that
dy € (Go—1)t and dyp ¢ (G, N V")t = (V*)L. The
above construction implies that the dummy output y' =
(€L, €3) has relative degree p and quLp_lw # 0. Observe

that G, N V* = V* and that span{dz/),... L” Hp} N
(V*): = 0. Thus (¢, ..., L5 "4, &%) form a local diffeo-
morphism (since span {d¢*} = (V*)* and dv, ... ,dL?_lw

are independent). Finally, via the change of coordinates

{1 =1,... ,51 Lp lw and the feedback transformation
=L+ vngng Y+ 03 Ly, LY 11/), we get
él 527 52 537 tt gl
53 — A3¢3 1+ B30® 1+ K33,
Y3 = C3¢3.

0O
Ezample 15. (Continuation of Example 10) Case 1: Con-
sider Z%¢ around a point 2° (not necessarily admissible).
Assume z5g cosxigsinxig # 0. Then the control system
¥, satisfies conditions (i)-(iv) of Theorem 14 around x°.
In particular, via the change of coordinates
i‘g = I3 +ZCOSI1 — Cp, .f4 = 1‘4COS2 xr1 —
Ty =lln|tan G| — 23, Ty = Sil;f;‘; ,
(x5)* cos 1

lxosinxy,

~ sz (1 S 2
F5=g— Co:awl(lz:‘;;w;;ma:l) B
and the static feedback transformation
’[)1 = 541(33) + COS2 Ir1v1,
Ty = dg(l‘) _ 2(x4 sinlxsli;l&-ixlz)cosxl vy — s c(l)sxl -
where &1 (z) = LyZ4(z) and Go(z) = Lyis(z), L1 is level-
3 sys- equivalent to 31 below. It follows from Proposition 2
that Z5¢ is level-3 ex-equivalent to the following A$€ (since

¥ € Expl(””) and 1 € Expl(A{°)):

T3 =34,y =173 L
N Ty = U1 1 = 22
Yi:0q & =3 = Af¢: ¢ T2 =Ts
Ty = T3 %32%
T5 = U2

Note that the above transformation bringing 3, into the
linear DAE, given by Al , is a dual procedure to that
of explzcztatwn and it is called implicitation of a control
system (for details, see Chen and Respondek (2018a),
Chen and Respondek (2018b)).

Case 2: We show that although =3¢ is internally equivalent
to the ODE #; = 0, it is ex-equivalent to a linear SE
DAE. Consider Z5¢ around 2°, which is not necessarily
admissible. Assume x5g cos z1gsin x19 # 0. Since ¥y satis-
fies conditions (i)-(v) of Theorem 12 around z, it can be
seen that X, is level-3 sys-equivalent to the following X
via the coordinates change
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{573:33‘3, i‘4=l‘4, .f?l :lln|tan%|—x3,

~  _ lxo ~ _ . cosxy(lzatxy sina:l)2 _ (w5)2 Ccos T1
T2 = sinzxy L5 =9 Isin? x; 21
and the static feedback transformation
v = V1, 2( ) N )
-~ _ 2(z4sinzyi+lxo) cosxy _ m5cosTy
U2 = Q2 (LL') Isinzy U1 l V2,

where @s(x) = LyZs5(x). Moreover, since ¥y € Expl(E5°)
and obviously ¥y € Expl(A35°), by Proposition 2, Z5¢ is
level-3 ex-equivalent to the following A5°, which is regular
and constraint-free reachable:

T3 = T4 ~ 1 =To + k4
- Ty =01, Y1 = X4 To = T
St d b e ky g S AF 2D
2-y T1 =22 Y1, Y2 = 11 2 ") I3 =q4

T2 =I5 0 =4

I5 — Vg 0 = XT1.

5. AN EXAMPLE WHICH IS NOT LEVEL-3
EXTERNALLY LINEARIZABLE BUT SO IS LEVEL-2

Example 16. Consider a SE DAE =3¢
described by
10—z, 0 00 r1e™3) 3
Rs(x) = {o Oe?’”é -1 00] , az(z) = [2—(kx5+k)ei3)2] ’
00 0 010 zg
03(55) = [IZ] )
where k € R. We can choose a control system (f3, g3, h3) =
Y3 € Expl(E5°), given by

= (R?)a as, 63)7

@y ©3\% 0 0

D] [reemie] opemoey

T3 | — 0 + |0 L0 [v2:|
Y3 Ta z5+ke®3 9ey? ot Les

2 6 0 0 1

6 . 0

1 =3

2 = X4

It is easy to verify that 33 is not level-3 input-output
linearizable (since the Toeplitz matrices My (33) do not
satisfy rank condition (ii) of Theorem 11). However, via a
nonlinear coordinates change in the output space

gl = eyla 92 =Y2 — §63y17

the system with the new outputs g1, 92 is level-3 input-

output linearizable. Additionally, the transformed system

satisfies conditions (i)-(iv) of Theorem 14. In fact, by

choosing new coordinates
{il = (m1e7)},

~ 1 3z
Ty = x4 — 5777,

533 = 6933,
Tg = Tg,

jQ = T2,
T5 = ws,
and the feedback transformation v; = 01, vo = e 730s,
v3 = U3, the system X3 is level-2 sys-equivalent to the
linear control system 33 below. Moreover, since Y3 €
Expl(Z25°), by Proposition 2, Z5° is level-2 ex-equivalent
to the linear DAE A35° below

Qii'l:SUQ L ~

Ty =101 Y1 =22 .
$.. ) T3 =0, J1=1T3 _ pse.] T4 =I5 TR
3N g i d =, D8 T @5 =

Ty = T5 + KY1, Y2 = T4 0 = s

T5 =T 0 =7y

Tg — U3

In view of the example above, even if an explicit control
system is not level-3 input-output linearizable, it may
be so under level-2 sys-equivalence. Thus via further
transformations, the original SE DAE is possibly level-2
externally linearizable. It suggests that the future work
should be focused on level-2 input-output linearizability
of control systems and corresponding SE DAEs.
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