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Abstract

In this article, we study feedback linearization problems for nonlinear
differential-algebraic control systems (DACSs). We consider two kinds of feed-
back equivalences, namely, external feedback equivalence, which is defined
(locally) on the whole generalized state space, and internal feedback equiva-
lence, which is defined on the locally maximal controlled invariant submanifold
(i.e., on the set where solutions exist). We define a notion called explicitation
with driving variables, which is a class of ordinary differential equation control
systems (ODECSs) attaching to a given DACS. Then we give necessary and suffi-
cient conditions for both internal and external feedback linearization problems
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030,039,733 of the DACS. We show that the feedback linearizability of the DACS is closely

related to the involutivity of the linearizability distributions of the explicitation
systems. Finally, we illustrate the results of the by an academic example and a
constrained mechanical system.

KEYWORDS

controlled invariant submanifolds, constrained mechanical system, differential-algebraic control
systems, explicitation, external and internal feedback equivalence, feedback linearization

1 | INTRODUCTION
Consider a nonlinear differential-algebraic control system (DACS) of the form
E* 1 E()x = F(x) + G(x)u, €Y

where x € X is called the generalized state and (x, %) € TX, where TX is the tangent bundle of an open subset X in R"
(or, more general, of an n-dimensional smooth manifold X), and u € R™ is the vector of inputs, and where E : TX — R/,
F : X - Rland G : X — R>™ are smooth maps. The word “smooth” will always mean C®-smooth throughout the article.
We denote a DACS of the form (1) by Ezn’m = (E, F, G) or, simply, E“. A linear DACS is of the form

A" : Ex = Hx + Lu, 2)

where E,H € R*" and L € R*™, Denote a linear DACS by A;‘nm = (E,H,L) or, simply, A*. Linear DACSs have
been studied for decades, there is a rich literature devoted to them (see, e.g., the surveys’? and textbook?).
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In the context of this article, we will need results about canonical forms,*% controllability,”® and geometric
subspaces.!®!! The motivation of studying linear and nonlinear DACSs is their frequent presence in mathemat-
ical models of practical systems as constrained mechanics,'> chemical processes,'3 electrical circuits,'* and so
forth.

Early efforts of studying solutions of nonlinear DAEs are the works of Rheinboldt!® and Reich,'¢ which regard a non-
linear DAE as an implicit description of a vector field on a manifold. In References 16 and 17, the concept of regularity
in the linear DAE case was generalized for nonlinear DAEs to characterize the existence and uniqueness of DAE solu-
tions. All the papers on nonlinear DAE solutions as!>'#172% Jead to a geometrical reduction method (see Definition 3
below). The use of such a reduction method in the control context can be consulted in References 21-24 in order to
get a state space representation of a given DACS. The map E of a DACS (1) can be nonsquare (i.e., [ # n) and nonin-
vertible. As a consequence, some free variables and constrained variables can be implicitly present in the generalized
state x (and also some constrained control variables can exist in the input u). We have proposed two normal forms to
distinguish the different roles of variables for nonlinear DACSs in Reference 20. It was noted that although the free vari-
ables of x may perform like an input, we will distinguish them from the real active control variables u. In this article,
we will study feedback linearizable problems by considering the differences of the two kinds of inputs of DACSs (see
Remark 3 below).

In the case of E(x) = I,, the DACS (1) becomes an ordinary differential equation control system (ODECS)

X =f(x)+ Zgi(x)ui, 3)
in1

where f = F and g;, 1 <i < m, being the columns of G, become vector fields on X. The feedback linearization problem
of nonlinear ODECSs (i.e., when there exist a local change of coordinates in the state space and a feedback transforma-
tion such that the transformed system has a linear form in the new coordinates) has drawn the attention of researchers
for decades (e.g., see survey papers>>2° and books?”-??). The solution of the feedback linearization problem of ODECSs
was first given in Brockett’s paper?® and developed by Jakubczyk and Respondek,*® Su,3! Hunt et Su.3? Compared to
the ODECSs, fewer results on the linearization problems of DACSs can be found. Xiaoping3? transformed a nonlinear
DACS into a linear one by state space transformations, Kawaji** gave sufficient conditions for the feedback lineariza-
tion of a special class of DACSs, Wang and Chen® considered a semiexplicit differential-algebraic equation (DAE) and
linearized the differential part of the DAE. The linearization of semiexplicit DAEs under equivalence of different lev-
els is studies in Reference 36. The feedback linearization technique was also applied for stabilization3” and tracking?!
problems of semiexplicit nonlinear DACS. The authors of Reference 38 gave a comprehensive review for feedback lin-
earization problems of DACSs and proposed a feedback linearized normal form using the notions of M derivative
and M bracket, such a normal form can be used for studying adaptive control problems for semiexplicit nonlinear
DACS.

In this article, our purpose is to find when a given DACS of the form (1) is locally feedback equivalent to a lin-
ear completely controllable one (see the definition of the complete controllability of linear DACSs in Reference 7 or
see Definition 9 below). In particular, we will consider two kinds of equivalence relations, namely, the external feed-
back equivalence given in Definition 5 and the internal feedback equivalence given in Definition 6. Note that the
words “external” and “internal”, appearing throughout this article, basically mean that we consider the DACS on
an open neighborhood of the generalized state space X and on the locally maximal controlled invariant submanifold
M* (see Definition 2), respectively. We have discussed in detail the differences and relations of the two equivalence
relations for linear DAESs,® and for semiexplicit DAEs.>® We will use a notion called the explicitation with driving
variables (see Definition 7, firstly proposed in Reference 39 for linear DACSSs) to connect nonlinear DACSs with non-
linear ODECSs. Via the explicitation with driving variables, we can interpret the linearizability of a DACS under
internal or external feedback equivalence as that of an explicitation system under system feedback equivalence (see
Definition 8).

The article is organized as follows: In Section 2, we define the external and the internal feedback equivalences
and discuss their relations with solutions. In Section 3, we use the notion of explicitation with driving variables to
connect DACSs with ODECSs. Necessary and sufficient conditions for both the external and the internal feedback lin-
earization problems of DACSs are given in Section 4. We illustrate the results of Section 4 by the two examples in
Section 5. The conclusions and perspectives of this article are given in Section 6 and a technical proof is given in
Appendix.
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2 | EXTERNAL AND INTERNAL FEEDBACK EQUIVALENCE

We use the following notations in this article: We denote by TxM € R" the tangent space at x € M of a differentiable
submanifold M of R”. We use C¥ to denote the class of k-times differentiable functions and GL(n, R) to denote the group of

nonsingular matrices of R™". For a smooth map f : X — R, we denote its differential by df = }_ “;’: dx; = [L o L4

ForamapA : X — R™" ker A(x), Im A(x) and rank A(x) are the kernel, the image and the rank of A at x, respectlvely. For
a full row rank map R : X — R™", we denote by RT : X - R™ the right inverse of R, that is, RR' = I,.. For two column
vectorsv; € R™ and v, € R", we write (v,1;) = [vlT , va 1T € R™*+", We assume the reader is familiar with basic notions of
differential geometry such as smooth embedded submanifolds, involutive distributions and refer the reader for example,
to the book* for the formal definitions of such notions.

Definition 1 (solutions and admissible set). For a DACS E/ = = (E,F,G), a curve (x,u) : I - X x R™ defined on an
open interval I C R withx(-) € C! and u(-) € C°, is called a solutlon of E*iffor all t € I, E(x(¢))x(t) = F(x(t)) + G(x(t))u(t).
We call a point x, € X admissible if there exists at least one solution (x(-), u(-)) such that x(t;) = x, for a certain t, € I. The
set of all admissible points will be called the admissible set (or the consistency set) of E* and denoted by S,.

A smooth connected embedded submanifold M is called controlled invariant if for any point x, € M, there exists
a solution (x,u) : I > M X R™ such that x(ty) = x, for a certain ¢, € I and x(t) € M, Vt € I. Fix an admissible point
X, € X, a smooth connected embedded submanifold M containing x, is called locally controlled invariant if there exists a
neighborhood U of x, such that M n U is controlled invariant.

Definition 2 (locally maximal controlled invariant submanifold). A locally controlled invariant submanifold M*,
around an admissible point x,, is called maximal if there exists a neighborhood U of x, such that for any other locally
controlled invariant submanifold M, we have M N U C M* N U.

The locally maximal controlled invariant submanifold M* of a DACS can be constructed via the following geometric
reduction method:

Definition 3 (geometric reduction method!®?°). For a DACS E B, .= E.F,G),fixapointx, € X. Let Up be a connected
subset of X containing x;,. Step 0: Set My = X and Mg = Uy. Step k (k > 0): Suppose that a sequence of smooth connected
embedded submanifolds M; | & --- & M of Uk for a certain k — 1, have been constructed. Define recursively

My :={xeM; | | Fx) € EQ)TM;_ +Im G(x)} .

As long as x, € My, let Ml‘é = My N Ui be a smooth embedded connected submanifold for some neighborhood Uj C
U1 of x.

Proposition 1 (20). In the above geometric reduction method, there always exists a smallest k* such that either k* is the
smallest integer for which x, & My, or k* is the smallest integer such that x, € Mli*+1 and Mk*+1 N Ugs1 = M, 0 U1

In the latter case, denote M* = M, | and assume that there exists an open neighborhood U* C Ui-11 of xp such that

dim E(x)T,M* = const. and E(x)TM* + Im G(x) = const. for allx € M* n U*, then

(i) xp is an admissible point, that is, x, = x, and M* is the locally maximal controlled invariant submanifold around x,;
(ii)) M* coincides locally with the admissible set S,, that is, M* N U* = S, n U*.

By item (ii) of Proposition 1, the admissible set S, locally coincides with M* on the neighborhood U* of x,. So
any point xo € U* \ M* is not admissible and there exist no solutions passing through xy. Thus to study solutions
of a DACS, it is convenient to consider only the restriction of the DACS to its locally maximal controlled invariant
submanifold M*. We have shown how to restrict a DACS to the submanifold M* in Remark 3.4(iv) and Theorem
4.4(i) of Reference 20 with the help of normal forms, now we define formally the notion of local restriction as
follows.

Consider a DACS = :” = (E, F, G) and fix an admissible point x, € X. Let M* be the n*-dimensional maximal con-
trolled invariant submamfold of E* around Xx,. Assume that there exists a neighborhood U of x, such that for all
xeM'nU,

(CR) dim E(x)TM* = const. = r* and E(x)T,M* + Im G(x) = const. = r* + (m — m*).
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Let w : U — R" be a local diffeomorphism and z = y(x) = (z1,22) be local coordinates on U such that M* N U =
{z2 = 0}, thus z; are local coordinates on M* N U. Then in the new z-coordinates, the DACS E* becomes a system Ezn,m =
(E,F, G), given by
VA

[E1z1.22)  Eax(z1.22) l ] = F(z1,22) + G(z1, 22)u,

Zy

~ v o~ . ~ ~ ~ -1 ~ ~
where E; : U - RX" E, : U - RX®") Foy = [Eloq/ Ezoy/] =E. <‘Z—'§C’) , Foy = F and Goy = G. Set 2, =0 to

have the following system (which is defined on M*)
- - Z - ~
[E1(Z1, 0) Exzi, 0)] loll = F(z1,0) + G(z1, 0)u. 4

By (CR), there exist a neighborhood U; C U of x, and Q : M* N U; — GL(l,R) such that Ei (z1) and G,(z1) below are of
full row rank,

Eiz) Fi@) Giz)
Q@) [E1(z1,0) F(z1,0) Gz1.0)] =| 0  Faz) Gaz)|
0 Fi(z1) 0

where E}, G, are smooth functions defined on M* n U; with values in R™>"" and RO"m>m_ respectively, and F;, Fs,
F3 and G, are matrix-valued functions of appropriate sizes. Since G,(z;) is of full row rank, we can always assume
Fﬂo_F&néhn

G@)|  |Gaz) Gaz)
G(z1) is invertible), where Gy, Gi and G are of appropriate sizes. Thus, via Q and the following feedback transformation
(note that a*, b* are defined on M* and b*(z;) is invertible),

] with G% : M*nU; —» GL(m — m*,R) (if not, we permute the components of u such that

u 0 Im* 0
=a“(z1) + b (z)u = | _ + | ., - u,
le] lF 2(Z1)] le(Zl) Gz(Zl)]

the DACS (4) is transformed into

El(z) Fi(z) ﬁm)ﬁm)u
0 |lz=| o [+| o I, l 1] , 5

—_ u

0 Fi(z) 0 0 2

- ~] — ~ — ~ ~ ~ ~ —l1 ~ ~ ~ ~ —2 ~ ~
where E! = 1, Fs = F3, Fy = Fy — G1(G2)"'F», Gy = Gy — G1(G5) Gy and Gy = G1(Go) ™.
Definition 4 (restriction). Consider a DACS Z* = (E, F, G) with an n*-dimensional maximal controlled invariant sub-

manifold around an admissible point x,. Assume that condition (CR) holds for all x € M* around x,. Then the local
M*-restriction of 2%, denoted by E¥ |y, is given by

By = BY ¢ E¥(2")Z = F*(Z) + G*(T)u*. (6)

= . = " —=1 g
where z* = z;, u* = uy, E* =E} TMF >R F*=F; : M* > R" and G* = G; : M* - R"*™ come from (5), and
where the map E* is of full row rank r*.

—_u*

Remark 1. The restriction Z%|y is a DACS of the form (1) with associated dimensions r*, n*, m*, that is, E* | = R
It is important to know that =% and E*|j;- has isomorphic solutions (see Theorem 4.4(i) of2°). More specifically, a curve
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(x(-), u(-)) is a solution of E passing through a point x, € X if and only if (z*(-), u*(-)) is a solution of |+ passing through
Z5 € M*, where (z°(-), 0) = w(x(")), (25, 0) = w(xo) and (u*(-),0) = a*(z*(-)) + b*(@*()u().

Now we define the external and the internal feedback equivalences for nonlinear DACSs and compare them by
discussing their relations with solutions.

Definition 5 (external feedback equivalence). Two DACSs E* = (E,F,G) and &/,,,, = (E, F, G) defined on X and X,
respectively, are called externally feedback equivalent, shortly ex fb -equivalent, if there exist a diffeomorphismy : X — X
and smooth functions Q : X - GL(,R), a" : X - R™, g% : X - GL(m, R) such that

~ _1 ~. ~
E(y(x)) = Q(@H@(%) » Fly() = Q) (Fx) + G)a* (), Gy x) = Q)Gx)S*(x). (7

The ex-fb-equivalence of two DACSs E* and E" is denoted by E O T w : U — U is a local diffeomorphism

between neighborhoods U of a point x, and U of a point Xp = w(xp), and Q(x), a*(x), p*(x) are defined on U, we will talk
about local ex-fb-equivalence.

Definition 6 (internal feedback equivalence). Consider two DACSs E* = (E, F, G) and £" = (E, F, G) defined on X and
X, respectively. Fix two admissible points x, € X and X, € X. Assume that

(A1) M*andM" arelocally maximal controlled invariant submanifolds of 2 around x, and of £" around X4, respectively.
(A2) M* and M" satisfy the constant rank condition (CR) around x, and X,, respectively.

Then, E* and £" are called locally internally feedback equivalent, shortly locally in-fb-equivalent, if their restrictions
B4|y and £°| ;- are ex-fb-equivalent. We will denote the locally in-fb-equivalence of two DACSs by gt

Remark 2. The dlmensmns of two locally in-fb-equivalent DACSs E* and E" are not necessarily the same. However, since

By = H;‘ .and 2 | n%‘ + m+ are required to be external feedback equivalent, their dimensions have to be the

same,thatl, o =7, n*=n" andm =m"

Both the ex-fb-equivalence and the in-fb-equivalence preserve solutions of DACSs. Indeed, consider two
ex-fb-equivalent DACSs % and £, the diffeomorphism % = w(x) and the feedback transformation u = a*(x) + p* (o)

(defined on X) establish a one to one correspondence between solutions (x, u) of E“ and solutions ()”c i) of ", that is,

X =w(x) and u = a*(x) + p*(x)it. For two locally in-fb-equivalent DACSs Z* and Z°, by B pe ex~fb ol it there exist a

diffeomorphism z* = y*(z*) between M* and M", and a feedback transformation u* = a* (@) + ¥ (zHiu defmed on M*
mapping solutions (z*, u*) of B*|y into solutions (Z*, it ~*) of 5 2 s~ Recall from Remark 1 that the DACSs £ and & “ have
isomorphic solutions with their restrlctlons E*|p+ and 27, respectlvely So solutions (x, u) of E* are also in a one-to-one
correspondence with solutions (X, it) of & if 2% n3p 5“.

Conversely, if solutions of two DACSs Z* and 2" are in a one-to-one correspondence via a diffeomorphism and a
feedback transformation, then the two DACSs are in-fb-equivalent, however, they are not necessarily ex-fb-equivalence.
The reason is that solutions of DACSs exist on maximal controlled invariant submanifolds only, by assuming two DACSs
have corresponding solutions, we only have the information that the two restrictions 2“|y- and £"|;+ can be transformed
into each other via a Q-transformation and a feedback transformation defined on M*, together with a diffeomorphism
between M* and M", we do not know, however, if those transformations can be extended outside the submanifolds M*
and M".

Example 1. Consider two DACSs £}, | = (E, F, G) defined on X = R* and ég‘,m = (E,F, G) defined on X = R?, where

1 00 (1)? e2 1 % 0 X, 1
Ex)=[0 0 0|, Fx)=|ewx,|, Gx)=|0|, E®=|0 0 0| F®=|e"%| G®=|0
0 0 0 X3 0 01 0 % 0

It is seen that M* = ~{(xl,xz,x3) eR3 | x,=x3 =0} and M" = {(R1,%,,%3) € R? | X, = X3 = 0}. The restrictions Z“|p- :
(x1)2 +u and ;ull\;, X1 = i are ex-fb-equivalent via Q(x;) =1, X1 = w(x1) = x1 and it = (x;)? + u. Thus we have
u in fb

—
1
—

" It is clear that solutions ((x1,0,0), u) of % and solutions ((%1, 0, 0), it) of & " have a one-to-one correspondence.
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However, the two DACSs are not ex-fb-equivalent since rank E(x) # rank E(%) (the matrix-valued functions E(x) and E(%)
of two ex-fb-equivalent DACSs should have the same rank).

Both the external and the internal feedback equivalences play an important role for DACSs. The internal feedback
equivalence is convenient when we are only interested in solutions passing through an admissible point and evolving on
M*. The ex-fb-equivalence is useful when the initial pointx, ¢ M*, that is, x, is not admissible, then there are no solutions
passing through x, but there may still exist a jump from the inadmissible point x, to an admissible one on M*, see our
recent publication,* where we use external equivalence to study jump solutions of nonlinear DAEs. Note that if the
initial state X, is not admissible, the jump of x; at t = ¢, will cause a distributional term, that is, the Dirac impulse § in the
derivatives X. For linear DAEs/DACSs, such impulsive terms can be explained by the distributional solution (generalized
function) theory. However, for a nonlinear DACS being feedback equivalent to a linear one with distributional solutions,
the interpretations of the impulsive solutions in the nonlinear coordinates are still unclear and out of the scope of this
article. The distributional solution theory may not be a suitable setting for nonlinear systems because the image of a
nonlinear map on the Dirac impulse 6 is in general not well-defined.

3 | EXPLICITATION OF NONLINEAR DIFFERENTIAL-ALGEBRAIC
CONTROL SYSTEMS

We have proposed the notion of explicitation (with driving variables) for linear DACS in Reference 39 (or see Chapter 3
of Reference 42), we now extend this notion to nonlinear DACSs.
Definition 7 (explicitation with driving variables). Given a DACS E;‘nm = (E, F, G), fix a point x, € X. Assume that

rank E(x) = const. = r around x,. Then locally there exists Q : X — GL(I, R) such that E; of Q(x)E(x) = [Eléx)] is of full

row rank r, denote

Fi1(x)

G1(%)
QMXF(x) = | QM)G(x) =

G2(x)

2(X

Define locally the maps f : X > R*", g4 : X > R g : X 5> RS h : X > RP, [* 1 X —» RP™ where s =n—r and
p =1—r,such that

fx) = Ej(x)Fl(x), ghx) = E:(x)Gl(x), Im g'(x) = ker E1(x), h(x) = F>(x), [*(x)= Gy(x),

where EI is a right inverse of E;. By a (Q, v)-explicitation, we will call any ODECS
X =f(x)+g“@u + g'x)v,
. FOO + g4Cou + g'(x) ©
y =hXx+Fxu,

where v € R™" is called the vector of driving variables. System (8) is denoted by X%, = (f,g".g" h,I*) or,
simply, Z*".

Clearly, in the above definition, the choices of the invertible map Q, the right inverse E{ and the map g’ satisfying
Im g’ = ker E; = ker E, are not unique. The following proposition shows that a (Q, v)-explicitation of a given DACS E* is
an ODECS defined up to a feedback transformation, an output multiplication and a generalized output injection, that is,
a class of control systems. Throughout the class of all (Q, v)-explicitations of Z* will be called the explicitation class. For
a particular ODECS X"’ belonging to the explicitation class Expl(E¥) of 2%, we will write Z*’ € Expl(E").

Proposition 2. Assume that an ODECS %7, , = (f,g",&", h,[') is a (Q,v)-explicitation of a DACS E" = (E, F, G) corre-

TRV

sponding to the choice of invertible matrix Q(x), right inverse EI(x) and matrix g'(x). We have that an ODECS X, p =
.88, h, ) is a (Q,v) -explicitation of E" corresponding to the choice of invertible matrix Q(x), right inverse Ei(x) and
matrix g°(x) if and only if Z* and £’ are equivalent via a v-feedback transformation of the form v = a”(x) + AGo)u + * ()0,
a generalized output injection y(x)y = y(x)(h(x) + l*(x)u) and an output multiplication ¥ = n(x)y, which map
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fref=f+rh+ga’, gogi=gi+yli+gs gwF=gF. heh=nh Mol =g

where a”(x), f°(x), y(x), A(x), n(x) are smooth matrix-valued functions, and f’(x) and n(x) are invertible.

We omit the proof of Proposition 2 since it follows the same line as that of Proposition 2.3 in Reference 39. Now we
will define an equivalence relation for two ODECSs of the form (8).

Definition 8 (system feedback equivalence). Two ODECSs X, , = (f,g".&", h,[*) and an sp = =(f,8%8". h, & ) defined
on X and X, respectively, are called system feedback equivalent, or shortly sys-fb-equivalent, if there exist a diffeo-
morphism y : X — X, smooth functions a“(x), a”(x), A(x) and y(x) with values in R™, RS, R*™ and R™P, respectively,
and invertible smooth matrix-valued functions f*(x), f'(x) and #n(x) with values in GL(m, R), GL(s,R) and GL(p,R),
respectively, such that

1 0 0

fow oy Foy| % Zy||f & ¢ o g0 ©
hoy loy/ 0 0 n h * 0 .
a’ + Aat ApH B

The sys-fb-equivalence of two control systems will be denoted by g™ 1f v : U — Uisalocal diffeomorphism
between neighborhoods U of a point x, and U of a point Xp = w(xp), and a*, a’, 4, 7, p*, ", n are defined on U, we will
speak about local sys-fb-equivalence.

The two ODECSs =%’ and £’ of Proposition 2 are, by definition, system feedback equivalent with y being identity, a* =
0 and p* = I,. The following observation is crucial and will play an important role for studying the feedback linearization
problems of DACSs in Section 4, which points out that the feedback transformations of explicitation systems of DACSs
have a triangular form which are different from those of classical (ODE) control systems.

Remark 3. Observe that, in (9), there are two kinds of feedback transformations. Namely,
u=a“x)+ )i and v = a’(x) + AX)u + XX,

which can be written together as a feedback transformation of (u, v) with a (lower) triangular form:

u u ~
i el e[ B
v a’(x) Ax)  prof |V
It implies that there are two kinds of inputs in the ODECSs of the form (8), one input (the driving variable v) is
more “powerful” than the other input (the original control variable u), since when transforming v, we can use both
u and x, but when transforming u, we are not allowed to use v. Another difference between u and v is that the input
u is injected into the output y via [*u, but the driving variable v is not directly injected into the output y. In a prac-
tical system, the variables u are predefined control inputs, such as external forces, which can be changed actively in
order to act on the system. The driving variables v are, roughly speaking, the derivatives of the free variables in the
generalized state x, such free variables may come from unknown constraint forces or some redundancies of mathe-
matical modeling. It can be seen from Example 3 below that u = (Fy, F,) are the translation force generated by some

actuators as electrical motors, the driving variable v = F 'r, where Fy is a friction force which is an unknown constraint
force.

The following theorem connects ex-fb-equivalence of two DACSs with sys-fb-equivalence of two ODECSs (explicita-
tions). Note that the results of Theorem 1 is a general framework to use classic nonlinear control theory to study nonlinear
DACSs, we will use it for the feedback linearization problems discussed in Section 4.

Theorem 1. Consider two DACSs E/, = (E,F,G) and :}’nm (E,F,G) defined on X and X, respectively. Assume that
rank E(x) = const. =rin a nelghborhood U of a point x, € X and rank E(X) =r in a nelghborhood U of a point X, € X.

Then, given any ODECSs X}, , = (f, 8", &', h, I*) € Expl(E") and an sp = =(f,g%8.h, e Expl(E"), we have that locally

uogh if and only if TVV5 s

[I]
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Proof. By the assumptions that rank E(x) and rank E(x) are constant and equal to r around x, and X,, respectively, there
exist invertible matrix-valued functions Q : U — GL(, R)and Q : U — GL(l,R), defined on neighborhoods U of x,, and U

of %,, respectively, such that E'(x) = Q)E(x) = [El(gx)] and ' (%) = 0®E®) = [Elé’?)]  where Ey : U — R™" and E, :

7 — R™™ are of full row rank. We have 54“J"5¥ = (E',F',G)and & ghePay _ (E',F',G')via Q(x) and Q(%), respectively,
where
F G Fi(x ~ o s G1(%
Fo=0rw= ", cw=0m= ||, Fo=ore=|"P|. ¢o=0w=|"Y|.
F>(x) G2 (x) Fy(%) G2 (%)
In this proof, without loss of generality, we will assume that 2 = % and &" = & since 24“J"E" if and only if 2% Par
Moreover, choose maps f, g4, g', h, I andf, gf‘, gﬁ, h, 1" such that
f&) =El0Fi(x), g'®) =E (x0)Gi(x), Img(x) =kerEi(x), hx) =Fx), M) =Gx),
f® =E®F®, §F®=E®6:®, Img@E =keE ), hE=E5® ['®=06®, (11)

where El (x) and EI (%) are right inverses of E;(x) and E; (%), respectively. Then by Definition 7,

= (g g 1) e Bxpl@), == (.2 ¢ A1) e ExplE").

It is seen from Proposition 2 that any control system in Expl(E¥) is sys-fb-equivalent to =*” and that any control system in
Expl(_ ) is sys-fb-equivalent to £*’. Without loss of generality, in the remaining part of the proof, we use =%’ and =" with
system matrices given by (11) to represent two ODECSs in Expl(Z*) and Expl(£"), respectively. Throughout the proof
below, we may drop the argument x for the functions E(x), F(x), G(x),..., for ease of notation.

If. Suppose that locally "’ V7™ Then there exist a local diffeomorphism X = y(x) and matrix-valued functions a*,
a’, A, v, p*, p¥, n defined on a neighborhood U of x,, such that the system matrices satisfy relations (9) of Definition 8.

First, consider "oy = %g"ﬁ". ByIm g’ = ker E;,Im g’ = ker E;, we have ker E oy = (;—‘)’: ker E;. Thus there exists Q; :
U — GL(r,R) such that

- oy !
E1°W=Q1E1<$> . (12)

Then, by (9), the following relation holds:

- 1 0
lf oy g ow] lf,—“; ‘f,—";y] lf g g”] o g
ho "o 0 h I* 0

v v 1 a’ + A ApH

Substituting (11) into the above equation, we get

- - - ~ . 1 0
lEIow - Fioy Eioy/ . Gwyf| _ l?}—"): Z—Zy] lE{Fl EIGl gv] L g
Faoy Gaoy 0 F2 G2 a’ + Aa*  ApH

Premultiply the above equation by

lElolI/ 0] _ Q1E1(0_>_1 0

0 I
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to get
Froy  Gioy _ Q1 QiEwy| [F1 G| |1 O (13)
Froy  Groy 0 n F, G| [a* p* )

Now from Equations (12), (13) and Definition 5, it can be seen that g4“"&" via the transformations defined by

% =wx),Q= [%1 Qlfly] , a and p*.

Only if. Suppose that gu Pt (in a neighborhood U of x,,). Assume that Z* and =" are ex-fb-equivalent via an invert-

Q Q2

ible matrix-valued function Q = [Q3 Q4]’ X =w(x), a*, p*, where Q; : U —» R™ and Q,, Q3, Q4 are matrix-valued

functions of appropriate sizes. Then by

QE=E‘ou/a—W: Q1 Q| |E: _ Ejoy 0_111’
x Qs Qi |0 0 | ox

we can deduce that

. AN
E1°W=Q1E1<$> . (14)

Moreover, we have Qs = 0 and Q, is invertible (since both E; and E; are of full row rank), which implies that Q, is
invertible as well (since Q is invertible). Subsequently, by

Foy = QF + Ga'y = |11V ] = [@ @ (|F1] 4 |O | ),
onll/ 0 Q4 F2 G2

Froy = Qi(F1 + G1a") + Q2(F> + Gya™) (15)

we have

and
Fyoy = Q4(F; + Gra"). (16)

Moreover, by

Goy = QG = l?lolﬂ] _ lQl Qz] lGI] .

G,oy 0 Q4f |G,
we have
Groy = Q161" + Q:G,p" 17)
and
Grop = Q4G . (18)

Recall the system matrices given in (11). First, from Im g = ker E;, Im g oy = ker E; oy, and Equation (14), it is seen
that there exists ¥ : U — GL(s, R) such that
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—g'p". (19)

Secondly, by Equations (14) and (15), we have

~ ok - oy .+ Fy + Gya* dy o F, + Gia* + Elgv (A" + a¥)
Jow = EjoyFroy = —2E Q1" [ Q)] lF O S EA [ Q] ot Gt
2 2 2 2
d
= a—li (f +gla* + g’ (/10:“ + a") +y(h+ l”a“)) , (20)

where y = EI Q;'Q;, and &’ and /A are matrix-valued functions of appropriate sizes. Thirdly, by Equation (17), we have
Gip*| _ oy
B ox

G1p* + E1g° A 0
G,p" ()xEIQI1 [Ql QZ] l v ® ] =L
2

~ii ~ ~ 0w _ U pu v U Qu
g'oy = EjoyGoy = aEIQI1 Q1 Q] l G — (8B + g1+ r1"p").

(21)

Note that we use the equations E;g” (Aa* + a¥) = 0 and E;8"4 = 0 to deduce (20) and (21). At last, by Equations (16)
and (18) we have

hoy = Fyoy = Qu(F, + Gra*) = Q4 (h + Ia*) (22)

and
Toy = Gyop = QG " = QuI*p*. (23)
SySN—ﬂJ

Finally, it can be seen from (20), (21), (22), and (23), that *¥ 5™ via ¥ = w(x), a’, B, a%, p4, A,y = EIQ;le and
n=Qa. u

4 | EXTERNAL AND INTERNAL FEEDBACK LINEARIZATION

In this section, we discuss the problem that when a nonlinear DACS of the form (1) is locally externally or internally
feedback equivalent to a linear DACS of the form (2) with complete controllability. First, we review some definitions
and criteria for the complete controllability of linear DACSs. We denote by A~1 %, the preimage of a space % under a
linear map A. The augmented Wong sequences (see e.g., References 2,7,39) of a linear DACS Azn’m = (E,H, L), given
by (2), are

Vo :=R", Vw1 i=HYWEZ;+ImL), i>0; (24)

Wo:=0, Wi :=EHW;+ImL), i>0. (25)

Additionally, recall the following sequence of subspaces (see e.g., Reference 2):

A

W\ :=kerE, Wi :=EYHP;+ImL), i>1. (26)

For simplicity of notation, we denote K = diag{Kj,, ..., K } € RUI=OXIPI L, = diag{L,, ..., Ly } € RUPI-XIA £, =
diagfes,, ..., e5 } € RPN,y = diag{Ny,, ..., Ns } € RIFXIPl where § is a multi-index p = (41, ..., f) and |B| = Z;‘:l/}i,
and where

Kﬂ[ = [O Iﬂi—1] (S R(ﬂi_l)xﬂi, ep, = c RAXB:,

1

0
c Rﬂi, Lﬂi = [Iﬂ,-—l 0] e R(ﬂi—l)xﬂi’ Nﬂ[ =
Iﬁz—l 0
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Definition 5 applied to linear systems says that two linear DACSs A} = (E,H,L) and A}y =(EH,L) are
ex-fb-equivalent if there exist constant invertible matrices Q, P, S andamatrlxR such that E = QEP™!,H = Q(H + LR)P!,
I = QLS.

Definition 9 (complete controllability in Reference 7). A linear DACS A}, | = (E, H, L) is completely controllable if for
any xp,x; € R", there exist a solution (x, u) of A* and t € R* such that x(O) = xo and x(t) = x;.

Lemma1l (7). Fora linear DACS Al n = (E, H, L), the following statements are equivalent:

m
(i) A" is completely controllable.

(ii) InE4+ImH+ImL=ImE+ImLandIm cE+1Im ¢cH +Im ¢cL =Im ¢(AE— H)+Im ¢L, V1 € C.

(iii) 7" n W * = R", where 7 and W™ are the limits of the augmented Wong sequences (24) and (25), respectively;

(iv) A" is ex-fb-equivalent (under linear transformations) to

I, O NI o & 0
0 L||&| |0 Ki||& N 0 0 Uy
0 0]|[& 0 ofl&] [0 Dnew||uz]
0O O 0 0 0 0
where p = (p1, ..., pm:) and p = (py, ... , ps-) are multi-indices, and s* = n — rank E.

We define (locally) internal and (locally) external feedback linearizability of nonlinear DACSs as follows.

Definition 10. Consider a DACS E = (E, F, G) and fix an admissible pointx, € X. Then E* is called locally internally
(resp. externally) feedback hnearlzable around x, if 2* is locally in-fb-equivalent (resp. ex-fb-equivalent) to a linear DACS
with complete controllability around x,.

We consider an ODECS 2%, , = (f, g%, &, h, I*), given by (8). If = has no outputs, we denote it by X%, ¢ = (f,g", g")-
Then for X}V, = (f,g",&"), define the following two sequences of distributions D; and D;, called the linearizability
distributions of %,

= {0}, N
{0} { Dy :=span{g],....&}. @7

D, :=span{g’,....g4. g, ....g'}, . -
! {ef m- 81 y Dt =D+ [f.Di], i=12 ...
Diy1 :=Di+1[f,Dy], i=1,2,...,

Remark 4. Consider a linear DACS A% = (E, H, L), denote %;(A%) and #;(A%) as the subspaces 7';, given by (25), and v,
given by (26), of A¥, respectively. For a linear ODECS A" = (A, B4, B", C, D*) (of the form (8) but with constant system
matrices), define the following two sequences of subspaces

={0}, Wy :=[A B ( lRy:iS] nker [C DW]>, i>0,

and

A A W .
Wi i=ImB’, Wi, :=[A B <LRM] nker [C DW]>, i>1,

where w = (u,v), BY = [B*,B"] and D" = [D",0]. We have proved in Proposition 2.10 of Reference 39 that if A* €
Expl(A*), then

Wi(AY) = Wi(A®), Vi>0,  Ti(AY) = WiAY), Vi>1.

Apparently, W; and W; are linear counterparts of D; and D;, respectively, but they are for linear systems with outputs.
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Theorem 2 (internal feedback linearization). Considera DACSE|, = (E,F,G), fixan admissible point x, € X. Let M*

be the n*-dimensional locally maximal controlled invariant submanlfold of E around X4. Assume that the constant rank
assumption (CR) is satisfied for x € M* around x,. Then E*|p- is a DACS E r* weme = (E*F*,GY) of the form (6) and its
explicitation EXpl(E*|p+) is a class of ODECSs without outputs. The DACS E* is locally internally feedback linearizable if
and only if for one (and thus any) ODECS =% = (f*,g*",g"") € Expl(E“|y-), the linearizability distributions D; and D; of
4V satisfy the following conditions on M* around Xg:

(FL1) D; and D; are of constant rank for 1 < i < n*.
(FL2) Dy = D, = TM*.
(FL3) D; and D; are involutive for 1 < i < n* — 1.

u*

Proof. Since E* satisfies condition (CR) around x,, its M*-restriction Z*|y- by Definition 4 is a DACS B |y = B, . . =
(E*, F*, G*) of the form (6) with E* being of full row rank r*. It follows by the full row rankness of E* that the maps h = F,
and [*° = G, are absent in the explicitation systems of E*°, which means that the output y = h(x) + [ (x)u* is absent as
well (see Definition 7). Thus an ODECS ¥ = (f*,g*,g") € Expl(E“|y-) is a control system without outputs, which
is in the form

n*, m* s*

Zw* : Z* :f*(z*) +gu*(z*)u* +gv*(z*)v*’

where w* = (u*,v*), f* = (E*)'F*, g = (E¥*)'G*,Img"" = ker E* and s* = n* — r*.
Only if. Suppose that E* is locally internally feedback linearizable, which means that its M*-restriction E*|y, given
by (6), is locally ex-fb-equivalent to a completely controllable linear DACS

A" B = H'Z' + L0,

where E*, H*, L* are constant matrices of appropriate sizes. Then a linear ODECS AV = (A*,B¥ B") Expl(Af‘*), where
w* = (@*, V%), is of the form

AV Z =AZ +B 0+ BV

where A* = (E*)'H*, B* = (E*)'L* and ImB" = ker E*. By Lemma 1, the complete controllability of A* implies
Wi (AY) = W - (A) = R™ . By Proposition 2.10 of Reference 39 (see also Remark 4(ii)), we get

Wit (A™) = We(A™) = W e (A") = W (A") = R™,

Since A™ is a linear control system without outputs, we have D,.(A™) = W,..(A™"), Dp(A”) = W, (A""). Hence,
Dy (A") = D,.(A") = R”. Thus A" satisfies (FL2). Moreover, since A" is a linear control system, it satisfies (FL1)
and (FL3) in an obvious way. Notice that the nonlinear system X" is locally sys-fb-equivalent to A”" by Theorem 1
because 2" € Expl(E“|y), A" € Expl(A") and B |y ** A" Since =" and A" are control systems without outputs,
sys-fb-equivalence reduces to feedback equivalence. Thus =¥ and A" are locally feedback equivalent (via z* = w(z*)
and two kinds of feedback transformations defined by o', a"", g%, ", A, see Remark 3). It is easy to verify by a direct
calculation that if D; and D; are involutive then the two distribution sequences are invariant for the two feedback equiv-
alent control systems " and A™", that is, D {(EY) = Di(A" Yoy and a"’ -D; (Z") = Di(A™ )oy. So the system =" being

feedback equivalent to A" satisfies COIldlthl’lS (FL1)-(FL3) as well. It i 1s seen from Proposition 2 that any other ODECS

PIM= Expl(:” [m+) is sys-fb-equivalent to "', which means ="' is feedback equivalent (via two kinds of feedback transfor-

mations) to 3" as any explicitation system in Expl(E*|5+) has no outputs. So any other explicitation system $" satisfies
(FL1)-(FL3) of Theorem 2 as well.

If. Suppose that an ODECS X*" € Expl(Z“|y.) satisfies (FL1)-(FL3) around X,. Then the following lemma
holds.

Lemma 2. The ODECS =V =3V . = (f*g*,g") is locally feedback equivalent, via two kinds of feedback transforma-

n*,m*,s*
tions (see Remark 3), to the Brunovsky canonical form Reference 43 around x,, which is given by
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W yav L=Nb+ &0, (28)
Br — “Br £ = NET@ + &V,

where W* = (@i*,7%), and p = (p1, ..., pa) and p = (p4, ... , pp) are multi-indices.

The proof of Lemma 2 is technical and is put into Appendix. Now we will prove that the M*-restriction E¥ |y, given
by (6), is locally ex-fb-equivalent to a linear DACS

SRR -

0 Lj| |& 0 K;| |& 0
Notice that by Lemma 1, the linear DACS A% is completely controllable. We have Zg € Expl(A") because the
& -subsystems of % and A" coincide, N;T = L;K; and ker L = Im &. Recall that X" is locally sys-fb-equivalent to =¥
(by Lemma 2) and X" € Expl(E“|y-), it is seen that E“|. is locally ex-fb-equivalent to A¥ around x, by Theorem 1.
Hence E“ is locally in-fb-equivalent to the complete controllable linear DACS A¥', that is, Z* is locally internally feedback

linearizable. u

Theorem 3 (external feedback linearization). Consider a DACS E;‘n n = (E,F,G), fix an admissible point x, € X. Then
E" is locally externally feedback linearizable around x, if and only if there exists a neighborhood U C X of x, in which the
following conditions are satisfied.

(EFL1) rank E(x) and rank [E(x), G(x)] are constant.

(EFL2) F(x) € Im E(x) + Im G(x) or, equivalently, the locally maximal invariant submanifold M* = Mg = U.

(EFL3) For one (and thus any) control system X" € Expl(E"|y+), which is a system with no outputs on M* = U, the
linearizability distributions D; and D satisfy (FL1)-(FL3) of Theorem 2.

—u

Proof. Only if. Suppose that E* is locally externally feedback linearizable. By definition, the DACS E* is locally
ex-fb-equivalent to a linear completely controllable DACS (via Q(x), z = w(x) and u = a*(x) + f*(x)it)
A" : Fz = Hz + Lii. (30)
Thus by Definition 5, we have

QWEX) =E-

a I ~
l/(;)(cx)’ Q)(F(x) + Gx)a“(x)) = H - w(x), Q(x)G(x)ﬁ“(x) -i (1)

It is clear that A% satisfies (EFL1). So the system = satisfies (EFL1) as well because the ranks of E(x) and [E(x), G(x)]
are invariant under ex-fb-equivalence. The complete controllability of A" implies Az € Im E + Im L (see Lemma 1(ii)).
By substituting (31), we get

-1
Q(F + Ga*)(x) € Im QE(?)—Z) () + Im QGA*(x) = F(x) + G(x)a*(x) € Im Ex) + Im G(x)

= F(x) € Im E(x) + Im G(x).

Thus E* satisfies (EFL2). Notice that by (EFL2), we have that the locally maximal controlled invariant submanifold
M* around X, coincides with the neighborhood U. Observe that the restriction A”|y;« = A¥|y, whose canonical form is

given by
I 0 4%1 _|NG o |4 8|
0 Lj| |& 0 K;| |& 0
is also a linear completely controllable DACS as A”. This means that Z* is locally internally feedback linearizable. Thus
by Theorem 2, the DACS E* satisfies (EFL3) on M* = U.
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If. Suppose that in a neighborhood U of x,, the DACS E* satisfies (EFL1)-(EFL3). Denote rank E(x) =r,
rank [E(x), G(x)] = r + m* and m* = m — im*. Then, by (EFL1), there exist an invertible Q(x) defined on U and a partition
of u = (u1, u,) such that

QWEX = QUF(X) + QXx)Gu = | 0 |*x=[F |[+|Cix Gix)

E(x) x| (Gl Gix) l” ]
1
0 F5(x) 0 0

U

where E;(x) is of full row rank r and Gg(x) is a m* x m* invertible matrix-valued function defined on U. Moreover, by
(EFL2), we have F3(x) = 0 for x € U. Now we use the feedback transformation

e P R PR |
i [R®| [6lw G| |u]’

E1(x) hw| [6lo G ;
1
o)

and the system becomes

0 [x=|] 0 [+]|] O I
0 0 0 0

where F; = F; — GX(G2)'F,, G1 = G! — G2(G2)"'G! and G} = G3(GY)™.
I -Gl 0
Premultiply the above equation by | 0 T 0 [toget

0 0 Il—r—rh*

E*(x) F| [ 0 |F .
0 [¥=| o [+| 0 I lu] : (32)
0 0 o ot

where E* = E;, F* = F1, G* = G%, u* = iiy and &i* = fi,. Then by Definition 4, we have that &*|,- = E*|y is the following
system:

By EXGOx = F* (%) + G*(0u’.

By Theorem 2 and condition (EFL3), E“|- is locally ex-fb-equivalent (on M* = U) to a linear DACS A® of the form
(29). 1t follows from (32) that E is locally on U ex-fb-equivalent to

I, O NI 0 g 0
0 IL; léll o K Fl] Looo lul
0o ollé& o olfl&|l o Ix|l|a
0 0 0 0 0 0

which is completely controllable by Lemma 1. Therefore, E* is locally externally feedback linearizable by
Definition 10. =

Remark 5. (i) By conditions (EFL1) and (EFL2), the locally maximal controlled invariant submanifold M* around x, is
a neighborhood U of x,. So condition (EFL3) is actually, satisfied if and only if conditions (FL1)-(FL3) are satisfied on
M* = U, that is, locally around x,.

(ii) Note that when applying the geometric reduction method of Definition 3 to a linear DACS A" = (E,H, L), we
get a sequence of subspaces 7'; = M;, which is actually the augmented Wong sequence 7'; defined by (24). Thus the
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locally maximal controlled invariant submanifold M* is a nonlinear generalization of the limit 7™ of 7/;. So condition
(EFL2) together with condition D, = D,. = TM* of (FL2) are the nonlinear counterparts of condition 7"* N %'* = R" of
Lemma 1, which assures that the linearized DACS is completely controllable. The sequences of distributions D; and D;
can thus be seen as nonlinear generalizations of the augmented Wong sequence %; of (25) and the sequence %'; of (26),
respectively.

(iii) If E(x) = I, a DACS E" = (E, F, G) becomes an ODECS of the form (3). Suppose that G(x) = [g1(X) ... gm(x)]
is of constant rank. We have that conditions (EFL1)—(EFL2) of Theorem 3 are clearly satisfied and that condition (EFL3)
reduces to the feedback linearizability conditions in the classical sense. Indeed, we have Z* € Expl(E*|y+) = Expl(E*)
because E* with E(x) = I,, is already an ODECS. Thus the vector of driving variables v is absent and the two linearizability
distributions D; and D; satisfy D;,; = D; fori > 1. Hence conditions (FL1)-(FL3) become (FL1)’ D; are of constant rank for
1 <i< n;(FL2) dim D,, = n; (FL3)’ D; are involutive for 1 < i < n — 1, which are the feedback linearizability conditions
for classical nonlinear (ODE) control systems, see for example, References 27,28,30,44.

5 | EXAMPLES

Example 2. Consider the following academic example borrowed from Reference 45. For a DACS 5%, defined on X = R3,
given by

0 0 Offx]|= 0 +]11 1

X2 X1 0 )'C1 0 1 -1 l
1 0 1] |x3 (XZ)Z - (X1)3 + X3 0 O

”1] , (33)

U

where u = (u;, u,), we fix an admissible point x, = (X14, %24, X34) = (1,0, 0) € X. Clearly, there exists a neighborhood U
(x1 # 0 for all x € U) of x, such that conditions (EFL1) and (EFL2) of Theorem 3 are satisfied. Subsequently, via Q =

1 1 0
0 0 1] and
01 0

w| _[1 o] [m s :
uz] = [_1 1 [az],the DACS E* is ex-fb-equivalent to

X x 0ffx 0 2 0| .
u

1 0 1 xZ = (XZ)Z—(X1)3+X3 +10 O l~1].
u

[0 0 of % 0 o 1]t

Observe that the locally maximal invariant submanifold M* = U and

X1
—u —u X2 X1 0 . 0 2 "
B m =By X | = + u’,
1 0o 1{]. (06)? — (x1)® + x3 0
X3

where u* = ii;. Now an ODECS X" € Expl(E“|y-) can be taken as

xl 0 0 X1
Vx| = 0 +|2/x (Ut + | =x, |V,
X3 ()% = (x1)® + x5 0 —X1

where v is a driving variable. We calculate the distributions D; and D; for the system Z* to get

Dy =span{g’}, Di=span{g".g’'}, D,=D,=span{g",g" adsg"},

where
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X1 0 0
g =|-x| &= 2/x |, adeg’ = 0
-X1 0 3061)3 +200)% + x5

Clearly, the distributions above are of constant rank and D, = D, =T, U for all x € U. Additionally, [g*",g"] =0 € D,
and D is of rank one, so the distributions D;, D, D, are all involutive. Thus, condition (EFL3) of Theorem 3 is satisfied.
Therefore, system E" is externally feedback linearizable.

In fact, we can choose ¢* (x) and ¢"(x) such that

span {d¢'} = Df, span{de’, deg" } = ZA)f.

Furthermore, use the following coordinates change and feedback transformation (note that the feedback transforma-
tion below has a triangular form as we discussed in Remark 3)

E= ) =x1%, 2 =¢" ) =x1+X, 22=Lrg"(x)=—(x1)* + (2)* +x3,

o* 2 0 u* 0
il 2 + N
l v ] = —3(X1)3 -—X1 - 2(x2)2 l v ] l(xZ)z - (X1)3 + X3]

X1

the system X* becomes

Auv:fzﬁ*, 21:Z2, Zz=\~).

Now by Theorem 1, 5|y is ex-fb-equivalent to the following linear DACS

é &
= [t 0 o] | 00 0 1] .
A o1 ol ™7 lo o 1||I® o™
Z 2

since =¥ € Expl(Z“|y+), A¥Y € Expl(A"), and suvich

following completely controllable linear DACS:

A" Therefore, the original DACS E* is ex-fb-equivalent to the

1 0 offé 0 0 0f|¢ 1 of .
u
0 1 0||z]=|0 0 1||lz|+]|0 O l~ ]
u
0 0 ofllzm|l o o ollz]| o 1|17
via
1 1 0 X1X
¢ . w 1/2 o] [
Q=|0 0 1], Z1|= X1 + X3 s = .
[2%) -1 1 az
010 22 —(x1)* + (2)* + X3

Example 3. Consider the model of a 3-link manipulator*® with active joints 1 and 2, and a passive joint 3 (see Figure 1
below), the same model was used in Reference 20 to illustrate an applicable algorithm for the geometric reduction method,
we will use it for the internal feedback linearization of DACSs in this article.

The dynamic equations of the manipulator are given by:

mi — mlsin 09 — ml§* cos§ = F,,
my + mlcos 66 — ml)*sin® = F,, (34)
—mlsin 0% + mlcos 0y + ml*0 = o + Fy,
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where the mass m and the half length of the free-link [ are constants, x and y are the position variables of the free joint,
and 0 is the angle between the base frame and the link frame, F, and F, are the translation force at the free joint in the
direction of x and y, respectively, and 7y is the torque applied to the free joint (we take 7y = 0 implying that joint 3 is
free). We additionally consider the friction force Fy caused by the rotation of the free link. We regard (Fy, F) as the active
control inputs to the system. The friction force Fy is a generalized state variable rather than an active control input since
we cannot change it arbitrarily.

We consider system (34) subjected to the following constraint:

x—y=0. (35)
We combine (34) together with (35) as a DACS 5;7’2 = (E, F, G) of the form
(1 0o o o o 0 o™ X2 00
3 2

0 m 0 0 0 -mising, off*| |ml6ycosérf (1 0

0 0 1 0 o0 0 o[ Y2 00 P

0 0 0 m 0 mlcost Offy,|=|mésing, [+[0 1 lF"] )

0o 0 o0 0 1 0 ofl e, 0, o oll”

0 —-sinf; O cosf; O l 0 0, % 0 0

_O 0 0 0 0 0 0_ _Ff_ | x-y | [o o

For the DACS E, the generalized states & = (x1,X2,)1,¥2,61, 602, Ff) € X = R® x S and the vector of control inputs is
(Fx, Fy). Consider Z* around a point &, = (X1p, X2p, Y1p> Y2p> 01p» 02p, Ffp) = 0. The system E* is not locally externally feedback
linearizable since condition (EF2) of Theorem 3 is not satisfied around &,. Now we apply the geometric reduction method
of Definition 3 to get

T
M= (=5, )XRS, Mi={¢eM;|x-yn=0}, My={¢€M|x-y,=0}, M;=M;

Thus by Proposition 1, M* = M5 = M is the locally maximal controlled invariant submanifold around x, € M*
(so x, is admissible). Choose new coordinates &, = (%1,X;) = (x; — y1,X2 — y2) and keep the remaining coordinates &, =
(V1,¥2, 61, 02, Fy) unchanged, the system represented in the new coordinates is

1 0 0 0 0 1 0 ¥ %2+ Y2 00

0 m 0 -mlsing; 0 O m ¥, mlo? cos 6, 10

1 0 0 0 0 0 0 61 V2 0 0

0 m 0 mlcosé, 0 0 0 [[6,]|=|mi6?sine, [+]0 1 E"]
0 0 1 0 oo o ||F 0, o oflt”
0 cosf; —sin@; O l 0 0 —siné||x % 0 0

0 0 0 0 00 o ||%] | = | [o o

joint 2

FIGURE 1 A 3-link manipulator with a free joint
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Set & = (X1,X,) = 0 to get a DACS of the form (4)
1 0 0 0 Olr 1 V2 0 0
0 m 0 -mlsing; 0 J.)l mlo? cos 6, 10
1 0 0 0 0 ;2 _ V2 |0 of [
0 m 0 mlcosf; O 01 ml6? sin 6, 0 1||F .
0 0 1 0 ol| . 0, 00
. Fy F
0 cos@; —sinf; O l oft " o 0 0
By using Q(&;) and the feedback transformations defined on M* as
1 0 0 0 0 O
0 0 0 1 0 O
0 0 0 0 1 O U, 0 1 0 F,y
Q&) = , - i ,
0 1 0 0 0 O U Fe/l sinf; —cosb,| |F,
0 sinf; O —cosh; 0 m
1 0 -1 0 0 0
we bring the system into
1 0 O 0 olr. 1 V2 0 0
0 m 0 mlcosf; O ).)1 mleg sin 6, + % sec 6, tanf; —secb;
00 1 0 0 ;2 ~ 0, Lo 0 m
0 m 0 —mlsing; O 0,1 mlo? cos 6, 1 0 u |
0 0 O 0 0 ,2 0 0 1
Fy
0 0 O 0 ot 4 0 0 0
The local M*-restriction |y« = (E*, F*, G*) by Definition 4 (compare Example 5.1 of Reference 20) is
1 0 0 0 of|”" ¥ 0
0 m 0 mlcosf; O J.)z 5 sec 6, + ml€§ sin 6, tan 0;
01 = ! u. (36)
0 0 1 0 0 0 6, 0
0 m 0 —-mlsing; O0fl. g mlo? cos 6, 1
Fy
An explicitation system X** € Expl(E*|y-) can be chosen as
A Y2 0 0
) Fj tan 0, +ml*62 sec,
Y2 ml(cos 6, +sin 6;) m(cos 0, +sin 6,) 0
91 = 62 + 0 u+|0|v
0 Fj sec 6, +ml202(sin 6, —cos 6,) tan 0, —1 0
. 2 ml?(cos 0,+sin 0,) ml(cos 0, +sin 6,)
Fr 0 0 1

Define a new control
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202
- Ff tan 6, +ml 92 sec 0 ‘ uy.
ml(cos 0, +sin;) m(cos O + sin ;)

Then the system X*" under the new control is %" = (f, g*', g"):

»n Y2 0 0
¥ 0 1 0
6, 1=16, |+ 0 u* +|olv
. F, .

0, m—{z %(sm 0; —cos6;) 0
Fy 0 0 1

Now calculate the distributions D; and D; for the system = to get D, = span {g"}, D; = span {g“*,g"}, D, =
span {g*,g",adsg"}, D, = span {g',g"", adsg’, ad;g* }, D3 = D, = TM*. where

,_ 0 b 10 e 0 1. 0
= —, adig' = ———, = — + —(sinf; — cos b)) —,
$=or U8 = ThEae & T oy, TGO V30,

adg" = _diyl - %(sin@l — cos 01)6%1 + %(sinf)l + cos 01)026%2.

Clearly, the distributions above are of constant rank and are all involutive around &,. Thus, conditions (FL1)-(FL3) of
Theorem 2 are satisfied. Therefore, system Z* is locally internally feedback linearizable around &,. Indeed, choose ¢* (x)
and ¢"(x) such that

span {dg'} = Dy, span {d¢’,de" } = Dy

Then define the following coordinates change and feedback transformation (which has a triangular form as desired):

h=e"C) =y~ l/a(gl)dgla P2 =Le@"(&) = y2 — la(61)6,, Fy = L;(p"(cfl) = —a(61)Fy — a(61)165,

01 =" (&) =01, 0,=Lie" (&),

~ 1, * B
w| 1(sin 6, — cos ) 0 u N m—{z
—2a’(6’1)(sin 61 —cos61)0, —a(by) % —3(1/(91)92Ff - a”(91)9;l

)
where a(6,) = m, a0, = d‘;(—:ll), a’6,) = d%?). We transform X*" into a linear control system in the Brunovsky
form
=¥
)L’z = ~f >
AR ;f =7,
0, =0,,
b, =",

Thus by Theorem 1, the restriction |y, given by (36), is locally ex-fb-equivalent to the following completely controllable
linear DACS A™",

y | |o
10000]01000}0
a*01000f200100¥2 .
A Ff= Ff+0u
000 1 off- 000 0 1||.

0, g, |o
000 0 1|f- 000 0 off.
A 6| |1
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because ¢ ¥ zuv ¢ Expl(E¥|y-), A¥" € Expl(A*) and su v AT Hence the DACS B is locally in-fb-equivalent

to the linear DACS A” | that is, Z* is locally internally feedback linearizable.

6 | CONCLUSIONS AND PERSPECTIVES

In this article, we give necessary and sufficient conditions for the problem that when a nonlinear DACS is locally internally
or locally externally feedback equivalent to a completely controllable linear DACS. The conditions are based on an ODECS
constructed by the explicitation with driving variables. Two examples are given to illustrate how to externally or internally
feedback linearize a nonlinear DACS.

A natural problem for future works is that of when a nonlinear DACS is ex-fb-equivalent to a linear one which is
not necessarily completely controllable. Actually, this problem is more involved than the problem of external feedback
linearization with complete controllability. Indeed, since in Theorem 3, the maximal controlled invariant submanifold
M* on U is M* = U, it follows that the algebraic constraints are directly governed by some variables of u. Thus the
in-fb-equivalence is very close to the ex-fb-equivalence. However, if M* # U, then the algebraic constraints may affect
the generalized state. Moreover, since the explicitation is defined up to a generalized output injection, it may happen that
one system of the explicitation is feedback linearizable but another is not. The general feedback linearizability problem
remains open and, in view of the above points, is challenging.

Some further problems of nonlinear DACSs can be investigated based on the results of this article. For an external
feedback linearizable DACS, besides discussing classical control problems as stabilization and tracking of solutions from
admissible points, we can study how to design control laws to steer inadmissible initial values to the maximal controlled
invariant submanifold. Moreover, the explicitation method used in this article can also be applied to dynamic feedback
linearization problems, which are well-studied for nonlinear ODECS (see e.g., References 27 and 28 but not for DACSs.
The two kinds of inputs (see Remark 3) u and v of the (Q, v)-explicitation of DACSs may be a key difference between the
definition of dynamic feedback equivalence for ODECSs and that of DACSs. Furthermore, connections between DACSs
and infinite-dimensional differential geometry (or, differential flatness) are also interesting further topics.
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Proof of Lemma 2. For ease of notation, we drop the index “+” for z*, u*, v* and f* of the system Z,’j”ms that is, =%
becomes

W z=f()+g'@u+ g'(@)v.
The admissible point x, in the z-coordinates will be denoted by z,. We will only show the proof for the case that
m=s"=1, rank [g'(z,) £%(z0)] = 2.
The proof for the general case (i.e., for any m* > 1 and s* > 1, and for rank [g"(z,) g“(Zs)] = m* + s*) can be done in

a similar fashion as that on page 233-238 of Reference 28 for the feedback linearization of nonlinear multi-inputs
multi-outputs control systems. We now describe a procedure to construct a change of coordinates & = y(z) and a feedback

transformation:
u a(z Uz 0 7]
_[rw] , [Fo : A1)
v a'(7) Mz) PR [V
to transform X% into its Brunovsky canonical form, where g%, g, a*, 4, @’ are scalar functions, and *(z) and p"(z) are

nonzero around z,, notice that the designed feedback transformation (A1) has a triangular form as in (10). Note that
constructing (A1) is equivalent to finding the inverse feedback transformation

i s A
D a’(z) AMz) b'@)| [v

au — _(ﬁu —la,u, av — (ﬂv)—lj(ﬂu —lau _ (ﬂv —lav bu — (ﬁu)—l’ bv — (ﬂu)—l’ /"{ — _(ﬂV)—lA(ﬂu)—l_

where

Below we will search for functions a“, a’, 4, and nonzero functions b, b’ to construct (A2).
Consider the two sequences of distributions D; and D; for T, given by (27), and define

p:=max{ieN' | D; # D}, p:=max{ieN* | Dy, # D;}.

By m* = s* = 1, it is seen that, for each i > 1,

. .o 0, if D;=D; .o . 0, if D; =Dy
dim D; —dimD; = o dim D; —dim D;_; = R . (A3)
1, if D; # D 1, if D;# D,
It follows that p + p = n*. Then only two cases are possible: either p > p or p < p.
Case 1: If p > p, then we have
DoCDiC...¢D;, S D;CD;=D5,, S D5 =... D,y =D, S D, =D,y = D,yj, j> 0.

It follows that D, = D,. = D, Then by (FL2) of Theorem 2, we have D, = TM* and thus dim D, = n*. By D, ¢ D, and
(A3), we have dim ﬁp = n* — 1. Now by the involutivity of f)F (condition (FL3)), we can choose a scalar function h*(z)
such that
AL
span {dh*} =D,

where ZA),f denotes the annihilator of the distribution D,. It follows that for all z around z,,
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('), adig'@) =0, 0<i<p-2, (dh'@.ad'g@)#0;  (dh'@.adg@) =0, 0<i<p-1 (A4)
Recall the following result:2”-2
(dh@).adig) =0. 0 <i<1-2 = (dh@).ad'g@)) = (1) (dLjh@).ad @) 0<i<I=1  (AS)

where h(z) is a scalar function, f(z) and g(z) are vector fields.
It can be deduced from (A4) and (A5) that for all z around z,,

<dL}h”(z), ad}g"(z)> =0,0<i<p-2,0<j<p—-i—-2, <dL}h“(z), ad;_i_lg“(z)> £0,0<i<p-2;

(dLih@),adg'@) =0, 0<i<p-1,0<j<p—i-1 (A6)

By using (A6), we have the following table for the expressions of <dL}h”, a J;g“>, 0<i<p-p,p—1<j<p-1:

=1 u P U p=Lgu
adf g adfg adf g
dht 0 0 . <dh”, ad;‘lgu>
p—p=1lpu p—p=1lpu P st
I 0 <de n'.ad? >
P—Plu P—Pu =1 _u 9
Az 7k (de n'.ad’™'g > )

Notice that all the antidiagonal elements of the above table are nonzero by (A6). It follows that the co-distribution
Q; = span {dL}h”, 0<i<p —E}
is of dimension p — p + 1 around z,. We have Q; C D;_ L because
. j (A6) ) _ .=
(dLih @), adg'@) = 0, 0<i<p-7 0<j<p-2
i j (A6) . — .=
(dih'@.adg'@) =0, 0<i<p-p 0<j<h-2.

It is seen that dim D;_l —dimQ; =" - 2p-2)—-(p—-p+1)=1and Q, DJ;-_I. Then by the involutivity of D;_;
(condition (FL3)), we can choose a scalar function h"(z) such that

span {dh"} + Q; = D;_l,
which implies that for all z around z,,
(@), adig"@) =0, 0<i<5-2 (dN@.adig'@)=0,0<i<5-2 (dr'@.ad'g@)#0. (A7)
It can be deduced by (A7) and (A5) that for all z around z,,

<dL}hv(z),ad}g“(z)> =0, 0<i<p-20<j<p—i—2

(dL}'h"(z), ad}g”(z)> =0,0<i<p-2 0<j<p—i-2, (dL}hV(z), ad]’_i_i_lgv(z)> £0,0<i<p-2  (A8)

By using (A6) and (A8), we can construct the following table:
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g g S ad;—lgv ad;—lgu adﬁgu RN ad}’-lgu
dhe 0 0 0 0 0 (dhu’ad;_lgu>
PR £
AR 0 0 o (dLs7 " h, ad7g")
dL}’"”h“ 0 0 e 0 <dL;_ﬂhu’ad;_lgu> !
dh 0 0 (dh“, adf’lg”> ?
0 0 *
e 0 0 * 7
dL;*lhu 0 LguL}Flhu
AL Ll ? ? ?
(A9)

Notice that all the antidiagonal elements of table (A9) are nonzero. It follows that the (p + p) X (p + p) = n* X n* matrix
a_w(z) [gv g“ Cee e ad;_lgv adﬁ_lgu adﬁ L adp_lg“ (Z)
0z ! f f f

is invertible around z,, where

w = (h, ... ,L}’_lh“, n, ... ,Lfﬁ‘th). (A10)

Thus the Jacobian matrix ‘)";—f) is invertible around z, and y is a local diffeomorphism. Then set

'@ =Lh'@).  b'@ =LeLl @), '@ =L@, V@=Ll W@, @) =Lel] 'h'@.  (AlD)

Note that b*(z) and b*(z) are nonzero at z,,. It is seen that TV ismapped, via the coordinates transformations & = (£, &) =

w(2) and the feedback transformation (A2), into the Brunovsky form Xj = El‘g’; of (28) with indices p and p.
Case2:If p < p,thenwehave Dy G D) G ... G Zb,, ¢D, ¢ bp+1 =Dy G...=D5, & f),;: D; = ﬁ5+j = D5,,j > 0.

It follows that 25; =D; = D, = D,-. Then by (FL2) of Theorem 2, we have ZA); = TM* and thus dim 15; =n".ByD;;, G
15; and (A3), we have dim D;_; = n* — 1. Now by the involutivity of D; (condition (FL1)), we can choose a scalar function
h'(z) such that

span {dh"} = D5 .
Then following a similar proof as in Case 1, we can show that the distribution

Q, = span {dL}h", Osisﬁ—p—l}

is of dimension p —p around gz, and Q, ¢ ZA)j. Notice that dim ZA),f =n*—Q2p—-1)=p—-p+1, we have dim ZA)i -
dim Q, = 1. Thus by the involutivity of ﬁ,, (condition (FL2)), we can choose a scalar function h*(z) such that

span {dh"} + Q, = ZA)j.

Then, similarly as in Case 1, we construct the following table:

p-1 p—1 P p—1
g gt see e adf g adf g adfg" e adf 7g"
dh 0 0 e . 0 0 0 . <dhv’adfp—lg\,>
de.""lh“ 0 0 0 0 <de7.""1hV, ad;g">
dhe 0 0 0 <dh”, ad}’_lg“>
a7 0 0 <dL?"’h", ad;? g"> ? ?
0 0 *
iy 0 0 *
—1 —1
dzy™"h 0 LaL{™ b
dL;'lh“ Lngjf'lh” ? ? ? ?
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and show that all the antidiagonal elements of the table are nonzero around z,. Finally, we define a diffeomorphism y
and functions a*, b*, a*, b”, 1 in the same form as (A10) and (A11) of Case 1. It is seen that Z*” can also be transformed
into the Brunovsky form Xy = Zg”: of (28) with indices p and p via the change of coordinates £ = y(z) and the feedback
transformation (A2). n
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